Optimal consumption under uncertainty,
liquidity constraints,
and
bounded rationality™

Omer Ozak!
Department of Economics

Southern Methodist University

October 9, 2013

Abstract

I study how boundedly rational agents can learn a “good” solution to
an infinite horizon optimal consumption problem under uncertainty and
liquidity constraints. Using an empirically plausible theory of learning
I propose a class of adaptive learning algorithms that agents might use
to choose a consumption rule. I show that the algorithm always has a
globally asymptotically stable consumption rule, which is optimal. Ad-
ditionally, I present extensions of the model to finite horizon settings,
where agents have finite lives and life-cycle income patterns. This pro-
vides a simple and parsimonious model of consumption for large agent
based models.
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1 Introduction

Rationality is one of the main tenets of modern economics and though it
has proven fruitful in all areas of economics, it has recently been subject to
attacks both on theoretical and empirical grounds. In particular, the modern
theory of consumption under liquidity constraints and uncertainty, which is one
of the main building blocks of modern macroeconomics, has been criticized
for its rationality requirements. For example, Carroll (2001) presents this
theory and argues that “when there is uncertainty about the future level of
labor income, it appears to be impossible under plausible assumptions about
the utility function to derive an explicit solution for consumption as a direct
(analytical) function of the model’s parameters”. Similarly, Allen and Carroll
(2001) admit that “finding the exact nonlinear consumption policy rule (as
economists have done) is an extraordinarily difficult mathematical problem”.

In order to answer this line of critiques, economists have tried to pro-
vide bounded rationality foundations to optimal behavior, especially within
game theory (Fudenberg and Levine, 1998) and macroeconomics (Evans and
Honkapohja, 2001; Sargent, 1993). Still, the study of how agents learn the
optimal policy to an infinite horizon dynamic programming problem under
uncertainty, and the consumption function in particular, has been ignored ex-
ept for a few exceptions (Allen and Carroll, 2001; Evans and McGough, 2009;
Howitt and Ozak, 2009; Lettau and Uhlig, 1999).! While theoretical results

IThere is a large literature which studies dynamic programming problems in which
agents do not hold Rational Expectations, but are otherwise fully rational. The objective
of this literature is to understand the conditions under which the expectational mechanism
held by agents converges to Rational Expectations (Sargent, 1993). This is not the problem
I am alluding to here. In this setting agents are not able or willing to solve the optimal



have been mixed, empirical and experimental evidence suggests that agents do
learn to behave as if they had solved the optimal consumption problem (see
Brown, Chua and Camerer, 2009, and references therein).

In this paper I study an infinite horizon optimal consumption problem
under uncertainty, liquidity constraints, and bounded rationality. I follow the
previous literature in assuming that boundedly rational agents use a consump-
tion rule that is linear in wealth.? I endow agents with a learning algorithm,
which I call the HO-algorithm, that is a generalization of the one studied in
the numerical exercise of Howitt and Ozak (2009). I show that the behavior
of agents using this learning scheme converges to a unique consumption rule
that has good welfare and stability properties. In particular, in a steady state
agents would not have an incentive to choose a different linear consumption
function, since their welfare under the current rule would be maximal. In con-
trast to the previous literature, these results are based on analytical and not
numerical tools. Additionally, I extend the analysis to situations where the
time horizon is finite. In particular, I study the properties of applying this
algorithm during a finite period of time, when agents have a life-cycle profile
of income. The results suggest that the algorithm keeps its properties in this

setting.

consumption problem, even if they had the correct expectational mechanism.

A related literature studies the problem of convergence of the computational methods
applied to solve numerically dynamic programming problems, for example Puterman and
Brumelle (1979) and Santos and Rust (2004). Although I am not studying this problem,
one could apply the methods of this paper to find the optimal partition of the state space
or to approximate the optimal solution.

2Gabaix (2011) has suggested that boundedly rational agents only use “sparse” rules of
behavior. In this paper, the assumption is that agents focus only on wealth and disregard
all other variables. As can be seen from the results and proofs below, they can be extended
to include linearity in other variables, without affecting the results.



My analytical results generalize the numerical ones found by Howitt and
Ozak (2009), while overcoming the two main drawbacks of their setting. In
particular, it is not clear if one should expect their results to hold in other set-
tings. Additionally, they assume consumers can perform some complex math-
ematical operations, which might not be a desirable assumption in a bounded
rationality setting. I solve these problems by showing that in a general class of
consumption problems under uncertainty and liquidity constraints, agents us-
ing variations of the HO-algorithm learn an optimal consumption rule. I show
that the HO-algorithm converges to the unique asymptotically stable point
of a particular ordinary differential equation (ODE) and that this stationary
point is “optimal”. In particular, this stationary consumption rule maximizes
her steady state expected life-time utility under the stationary distribution
generated by her consumption rule, so that she has no incentives to change it
in a steady state.

This implies that applying the HO-algorithm to any initial linear consump-
tion rule in an uncountable and compact set, for different assumptions about
an agents’ rationality, her level of risk-aversion or impatience, or her income
process, will with probability one converge to the globally asymptotically sta-
ble stationary point of this ODE, which is optimal. This not only solves the
critiques encountered by Howitt and Ozak (2009) and some of the problems
raised in the literature, but might provide new approaches to the study of
models with bounded rationality.

The approach to learning that I follow is based on Euler-equations, where

agents change their behavior in response to differences between their experi-



enced marginal utility in one period and next period’s discounted marginal
utility. Thus, in this paper agents react to mistakes in their Euler equation,
and adjust their consumption rule if it failed to equalize the marginal utilities
of consumption between yesterday and today. This follows from the idea that
agents regret their consumption decision if their Euler equation is not satisfied.

This approach is close in spirit to “learning direction theory” (Selten and
Buchta, 1999; Selten and Stoecker, 1986) and “regret theory” (Hart, Mas-Colell
and Babichenko, 2013; Loomes and Sugden, 1982), which have been proposed
as an explanations for behavior observed in various experimental settings.
According to these theories, an agent’s success or failure changes her behavior
in the direction that increases her expected payoff in the following opportunity
she has for action. While both learning direction theory, regret theory, and
the HO-algorithm explain the direction of change, the HO-algorithm also tells
agents by how much they ought to change their behavior. This might suggest
the results obtained by Howitt and Ozak (2009) depend on the specific details
of their implementation. I show bellow that this is not the case and that
the algorithm can be varied in many dimensions without affecting its main
optimality and convergence properties.

There are various reasons why the HO-algorithm seems like a good candi-
date for behavior under bounded rationality. First, it does not require com-
plex optimizing behavior by agents, which is a fundamental requirement of
any theory of bounded rationality (Selten, 2001). Agents in this theory are
only required to compare two marginal utilities in order to make changes. In

this aspect it is similar to aspiration adaptation theory (Selten, 1998), rein-



forcement learning (Borgers and Sarin, 1997), and learning direction theory
(Selten and Stoecker, 1986). This simplicity lowers the cognitive capabilities
required of agents. Second, it has low informational and computational re-
quirements, which are independent of the number of states or possible rules.
This is extremely important, since both requirements put a heavy burden on
agents’ cognitive abilities. In particular, agents only need to remember a small
amount of information and know basic algebraic operations. Third, in order to
apply the algorithm, agents do not need to fully understand the economic en-
vironment in which they are embedded, nor the effects of changes in it. Thus,
it gives them guidance even in unfamiliar situations. Fourth, unlike some
models of bounded rationality, which are qualitative in nature (e.g. learning
direction theory), the quantitative nature of the HO-algorithm allows its use
in applied macroeconomic models. Fifth, its similarity to learning direction
and regret theory gives it empirical relevance. Finally, as I will show below,
various versions of the algorithm can easily accommodate different levels of
rationality.

My approach differs from the one used by Lettau and Uhlig (1999) and
Allen and Carroll (2001), who use the accumulated performance of a rule as
measured by the discounted sum of utilities as a base for their learning mech-
anisms. In these papers, agents estimate the value function of their respective
problem in order to select the best rule. Regrettably, the algorithms put for-
ward in these papers do not converge to the optimal rule or only converge very
slowly. Thus they are “not an adequate description of the process by which

consumers learn about consumer behavior” (Allen and Carroll, 2001, p.268)



The approach in these two papers has three main drawbacks. First, they
require the set of rules and states to be finite. Second, the memory, processing,
and rationality requirements increase in the number of rules and states. Third,
they cannot determine the welfare properties of the rules that are learnt, es-
pecially when the rational rule is not available or if the rational rule is not
equivalent to a mix of the available rules.

This paper is most closely related to Evans and McGough (2009), who use
Euler equation and shadow price learning schemes. In their approach, agents
are forward looking and forecast either shadow prices or the control variable
and then choose the control variable optimally according to the first order
conditions in their problem. In particular, they show that agents using Fuler
equation or shadow price learning can learn the optimal solution to a linear
quadratic dynamic programming under the same conditions required for a fully
rational solution to be found. Their results are encouraging for the whole re-
search agenda. Still, they are obtained under strong rationality assumptions,
since agents need to understand their dynamic programming problem well,
keep track of many parameters, and know econometric techniques. Further-
more, the optimality results hold only in this case. It is not clear what kind
of properties these learning schemes have in the general case when the fully
rational solution is not linear or if the agents have a misspecified model.

The paper proceeds as follows: Section 2 presents the model, section 3
introduces the learning algorithm, section 4 studies the convergence, stability,
and optimality properties of the algorithm, section 5 presents various exten-

sions and variations of the model, as well as simulations for the finite horizon



case, and section 6 concludes. All technical proofs are left for the online-

appendix.

2 The model

Time evolves discretely and is indexed by t. Agents are infinitely lived and
born with an initial wealth wy > 0. Every period t they consume an amount
¢; out of their current wealth w;, receive interest on their savings and before
taking the next consumption decision, get an income ;1. So, their wealth

evolves according to

W1 = R(wt — Ct) + Yt+1, (21)

where R > 1 is the interest rate factor on wealth held at the end of each

period.

Assumption A. The income process, {y;} is such that y, € Y = [y, y), where
0 <y <y < oo, is identically and independently distributed across periods
with distribution I' that is absolutely continuous with a lower semicontinuous

density v, with full support on Y.

Each period’s consumption level ¢; gives her a per period level of utility
u(cy). The utility function u(+) is continuous, strictly increasing, concave, and
three times continuously differentiable. I also assume that the utility function

and its derivatives are ¢-bounded, i.e. there exists constants K, n* € N and



some continuous function ¢ : R, — R, .3 such that

Jullg :sup% < K, and

d"u(c)
de™

¢(c)

(2.2)

Hu(")H¢ =sup < K, for alln <n*, n* > 3,

where ¢(-) is a continuous function for which the level sets
Cyp = {weRy | ¢p(w) <d, de Ry} are compact. Clearly, any utility func-
tion that is bounded and has bounded derivatives satisfies these conditions.
The agent discounts her per period utility at a rate 5 € (0,1), so that her
lifetime utility level is given by U = »"° S'u(cy).

I assume agents use a linear consumption rule and may be liquidity con-

strained, which implies that their current consumption is given by

(w) = (o, w) = (af, of ,w) = min {af + oyw, w} (2.3)
where (o, a}) € A = [0,y/R] x [(R — 1)/R,1].* Below I will endow agents
with a learning algorithm that will tell them how to change their consumption
rule across periods based on their consumption experience.

For each « let w, denote the level of wealth below which the consumer is
liquidity constrained, so that w, = ap/(1—aq). Also, let w,, and w, denote the

unique asymptotically stable stationary levels of wealth the consumer would

31 assume the same K and ¢ satisfy the conditions below, but one can allow for different
functions ¢ to satisfy each of them.

4 Although one could allow any finite upper bound on a?, 4/ R ensures that the agent will
not always be liquidity constrained. To see this, notice that if af > 3/R, then o /(1—a}) >
7, so that after some finite time period the agent will become liquidity constrained forever.
This clearly cannot be optimal.



attain if her income was always equal to y or g respectively. Thus,
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Wy, =Yl >y + W, < oo, (2.4)

where I, equals one if condition z is met and zero otherwise.

Figure 1: Dynamics of wealth under a linear consumption function
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Figure 1 shows the dynamics of wealth when the agent uses a fixed con-
sumption rule such that @, € (y,%). In particular, the lines representing the
dynamics of wealth when income is fixed at y and y delimit the region where
her wealth can evolve. The points where these lines intersect the 45 degree line
determine the location of w, and w,. Clearly, for each fixed level of income,
the wealth dynamics generated by the budget constraint imply the existence
of a unique asymptotically stable stationary level of wealth that belongs to

the set [w,,w,]|. Thus, as can be seen in the figure, starting at any wealth



level wy ¢ [w,,, w,], the stochastic dynamics quickly move wealth towards the
set [w,,wW,], from which it can never leave. In particular, notice that wealth
can never become smaller than w,, since at this level of income, the agent will
consume all her current wealth, and receive a level of income at least as big
as w,. On the other hand, if she has a level of wealth w,, she will choose
an amount of consumption such that for any level of income, her wealth level
next period will be at most w, again.

This result implies the following theorem:?

Theorem 2.1. If assumption A holds and the consumer uses a fixed consump-
tion rule with parameter o, then there exists a unique stationary distribution

of wealth 7, (w), which for any A C R satisfies

>0 if ANfw,, wa) # 0
To(A) = , 7ra<[wa,u_)a]> ~ 1. (2.5)
=0 ifAm[waawa]:w

Additionally, ast — oo, the consumer’s wealth distribution converges to m,.

If agents are learning to consume using some algorithm, then the param-
eters of their consumption function will vary across time, i.e. a1 = g(oy),
and so will the invariant distribution and all the parameters that depend on
ay. Clearly, if the learning algorithm converges to some a¢ € A, i.e. ay — af,
and W,, — Wee. In the following

then 7, — Tae, Wa, — Wae, W,, — W,

af)

5In the appendix I prove a more general version of this theorem. The strength of that
theorem is that it does not require wealth to be bounded for the existence of a unique
ergodic distribution and it provides an easily verifiable condition for the existence of a
unique invariant distribution that can be applied to other types of consumption functions
or to more general Markov processes.

10



two sections I introduce and study the convergence properties of a learning

algorithm and the welfare properties of its stationary consumption rule.

3 Learning

I assume that agents adapt their rules in response to past mistakes in their
behavior. The main difficulty boundedly rational agents face is that they do
not know the value function of following a certain rule ;. This implies that
they need some other measure of adjustment.

As a first approximation, I assume that agents are sophisticated enough to
comprehend that if they were not liquidity constrained, they could have raised
their utility in period ¢ 4+ 1, by lowering their consumption in period ¢t by
following a different rule. In particular, once agents have consumed in period
t + 1, they compare the discounted marginal utility generated by their actual
consumption in period ¢ + 1 using their consumption rule oy, SRu'(c?(wsy1)),
with the marginal utility they would have gotten with that rule in the previous
period, i.e. u/(c?(w;)). An agent’s “regret” of using the consumption rule oy
is measured as the difference between those two measures, SRu/(c}(wiy1)) —
u'(cf(wr)).

So, if an agent has positive regret, i.e. SRu/(c?(wiy1)) > u'(c?(w;)), she un-
derstands she should have decreased her consumption last period and increased
it in this one. Similarly, if she has a negative level of regret, she knows she

should have increased her consumption in the previous period and consumed

less in this one. So, she understands she should change her rule’s parameters

11



if her regret is not zero. So, as in direction learning theory (Selten, 2004),
reinforcement learning (Borgers and Sarin, 1997), and regret theory (Loomes

and Sugden, 1982) agents react to mistakes committed in the past.®”

Since her level of regret only tells her the direction in which she should
change her consumption, the agent still has to decide how much to change
each parameter of her consumption function. Letting M be a positive definite
matrix and {x;} a decreasing sequence of positive real numbers, I assume she

updates her consumption rule using the following equation:

ald,y al 1
= + reM [(BRU' (] (wi1)) — ' (] (wr))) " (€] (wy))] Iy (DG)

1 1
O[tJrl (& W

for all t > 0, where Iy is equal to one if the agent was unconstrained and zero
otherwise. Multiplying her level of regret by the second derivative of the utility
function, ensures she takes into account how her marginal utility changes when
she updates her rule. This ensures she does not overreact to regret levels, so
that she only changes her rule by little if her marginal utility might change a
lot with small changes in consumption. Additionally, if M is not the identity
matrix, she allows both rule’s parameters to change in reaction to her level of
regret weighted by her level of wealth.

Clearly, equation (DG) might cause the new parameters to be outside the

set A = [0,y/R] x [(R —1)/R,1]. If that is the case, I assume agents use

6Notice that agents look to the past, but do not fully use their past experience. Below
I generalize this behavior to allow agents to react to their actual regret levels.

"As in Bérgers and Sarin (1997) and Loomes and Sugden (1982), in this paper expe-
rienced regret drives behavior, since it has information regarding the effects of the choice
made by the agent. Kahneman (2011) presents other ways in which regret might affect
behavior. For example, when comparing two situations, an agent might choose an action
that minimizes her expected regret from the action. Kahneman suggests that norms affect
the perceived levels of regret. Furthermore, for him perceived regret levels might not convey
any information about the problem at hand.

12



a “projection facility” to select the new parameters, i.e. some ad hoc rule to
choose an element of A. For example, the agent could choose not to update her
parameters whenever the new parameters are outside A, or choose a random
rule in A, or just choose a fixed element in the interior of A. The effect of
this projection facility is to dismiss the last observation or restart the learning
process from a new point. Clearly, the assumption that the agent knows
the parameter should remain in the set A implies that she understands, that
outside A her rule would force her to always be liquidity constrained or to
accumulate an infinite amount of wealth, none of which can be optimal.

A nice quality of the algorithm is that agents require very little information
and keep track of only a few values, independently of the number of states or of
the possible number of linear consumption rules. Additionally, it requires very
low memory, and computational and cognitive abilities on the part of agents,
especially when compared with methods that require an estimate of the value
function as in Allen and Carroll (2001), which compare many rules simulta-
neously as in Lettau and Uhlig (1999), or which use econometric techniques
to forecast (Evans and McGough, 2009). Of course, this also means the agent
does not use all the information she has available, e.g. the full distribution of
income, nor has any forward looking behavior that might suggest some kind

of precautionary behavior.

4 Convergence and Optimality

The literature on stochastic approximations to recursive algorithms (Ben-

veniste, Métivier and Priouret, 1990; Kushner and Yin, 2003) studies the

13



dynamics of recursive algorithms like (DG) by using a differential equation
obtained by averaging the dynamics of the algorithm as time evolves. In this
case, the following ordinary differential equation related to the algorithm (DG)

is of interest:
1
=M / [(BREwW/ (" (w")) = (¢’ (w))) u (" (w))] ( )Hma(dw) (ODE-DG)
w w

where E; denotes the expectation under I', ¢®(w) = min {w, ap + ayw} and

w' = R(w — ¢(w)) +y. Let a® denote an equilibrium of (ODE-DG). In the
following section I study conditions for the convergence of the algorithm to o,
as well as the optimality properties of this stationary point.

The approach I follow in order to study the convergence and optimality
properties of the equilibrium o is based on the concept of Dy-continuity and
Dy-differentiability of measures (Heidergott and Vazquez-Abad, 2008). In
particular, letting D, be the set of all continuous and ¢-bounded functions, the
transition probability P,(w, A) = T'(w — ¢?(w) € ANY) is Dy-continuous if for
all w and u € D, the expected value of u for given w is a continuous function
of a. Similarly, P,(w, A) is Dy-Lipschitz continuous if the expected value of
u given w is Lipschitz continuous. Additionally, P,(w, A) is Dy-differentiable
with respect to a; if for any w there exists a finite signed measure P, (w, A)

such that for any u € D,

dcoizi/Po‘(w’dSW(S) :/Péi(w,dS)u(s) € Dy.

Heidergott and Vazquez-Abad (2008) show that if P, (w, A) is D,-differentiable

14



with respect to a;, then this derivative can be written as k;(P;" — P,) where

P, P are probability measures. Clearly, the following assumption is required

in order to ensure the Dy-continuity and differentiability of F,.
Assumption B. v, is continuously differentiable and Lipschitz continuous.

In the appendix I prove that under assumptions A and B for every «
the invariant probability distribution m, is Dg-continuous and differentiable
with respect to each «;. Furthermore, the D, derivative with respect to ay,
Oma/Oay = ko(mg — my ), and with respect to ay, Om,/0a; = ky(wf — 7)),
satisfy wko(mg — 7y ) = k1(m] — 7 ) almost everywhere. Notice that since 7,

is a probability distribution, then

e Omg .
/ aai(dw)—o i=0,1.

Wa

Before presenting the paper’s main results I introduce some additional notation
and assumptions. First, for a given wy and a fixed consumption rule ¢®(a, w)

the expected life-time utility of an agent is

Ul(a,wy) = i_O:EO [ﬁtu(cb(a,wt))}, (4.1)

where w; evolves according to (2.1). Clearly, U(a,w) € D, and is strictly
concave. The agent’s ex-ante expected life-time utility of using rule a when

initial income is distributed according to m, is

/U(a, W)y (dw). (4.2)

15



A rule « is o-optimal if it maximizes (4.2), i.e. it maximizes the agent’s ex-
ante expected life-time utility from using o when initial income is distributed
according to the invariant distribution generated by rule o. Additionally, a
rule « is optimal if it is a-optimal. Optimality here requires stability of the
optimal rule in the following sense: if an agent uses an optimal rule «, then in a
steady state when wealth is distributed according to the invariant distribution
generated by that rule, 7,, an optimizing agent would have no incentive to
change her behavior by selecting another rule. Clearly, this property is also

satisfied by the fully rational solution. Let
EV, = /U(a,w)ﬁa(dw) (4.3)

denote the agent’s ex-ante expected life-time utility from using rule o when
initial income is distributed according to the invariant distribution of a.

Second, the agent’s o-expected squared regret is given by

/ (BREw! (¢ (wi)) — u'(cb(wt))>27rg(dw). (4.4)

Third, let ¢*(w) and v(w) denote the fully rational consumption function and
the expected life-time utility generated by it. Let w* be the level of wealth
below which a fully rational agent would be liquidity constrained, i.e. ¢*(w) =

w for all w < w*. Finally,
Assumption C. The sequence {x;}, satisfies >, ; = 0o and Y, K} < 0.

Under these assumptions it follows that:

16



Theorem 4.1. There exists a unique rule o € A such that:
(i) o* is a*-optimal, i.e. optimal.

(i1) o minimizes the agent’s a*-expected squared regret.

(11i) o* is an asymptotically stable equilibrium of (ODE-DG).
(iv) The learning algorithm converges to o almost surely.
(v) Wor = W* and w,. =y.

Proof. The full proof requires various intermediate steps and the verification
of some conditions, all of which I do in the appendix. Here I explain the
proof taking those results as given. First, notice that from the continuity of
U(a,w), Weierstrass’ theorem ensures the existence of a rule a, € A that
is o-optimal for each o € A. Strict concavity of the utility function ensures
that a, is unique. By the Dy-continuity of 7,, o, is a continuous function
of 0. Thus, Brouwer’s fixed point theorem ensures the existence of o that
is a*-optimal. Second, one can show that any « that is g-optimal belongs to
the interior of A and satisfies 1w, = w*.® Thus, a* belongs to the interior of
A. Given «, it is easy to construct a contracting map that shares the same
fixed points as a,. Then Banach’s fixed point theorem ensures uniqueness.
Third, using the properties of the fully rational consumption function and its
value function it is not difficult to show that a* is a*-optimal if and only if it

minimizes a*-expected squared regret (see appendix). Fourth, since a* is an

8This follows from the fact that if o is not in the interior, then w, ¢ [y, ], and one

can find a rule that generates a higher expected life-time utility. Furthermore, this result
implies w, . = y.

17



interior solution it must satisfy the condition that the first derivatives of the
o-expected squared regret minimization problem with respect to ap and oy
are simultaneously equal to zero. Fifth, using the properties of the invariant
distribution of 7.+, one can show that o* minimizes the a*-expected squared
regret if and only if it is an equilibrium of (ODE-DG). Sixth, in this case the
a*-expected squared regret is a Lyapunov function for equation (ODE-DG),
and thus o* is globally asymptotically stable (Hirsch, Smale and Devaney,
2004, p. 205). Thus, the algorithm converges to a* (Benveniste et al., 1990).

Finally, since a* is a*-optimal, it is optimal. [

This theorem ensures that agent’s consumption behavior will converge to
a steady state in which wealth is distributed according to the invariant distri-
bution m,+. In this steady state, agent’s expected life-time utility under that
wealth distribution is maximal and agents would have no incentives to change
their behavior.

Notice that this result holds for a wide class of consumption problems. The
most stringent assumption is that y > 0, which is required in order to ensure
Lipschitz continuity of equation (ODE-DG). Thus, y = 0 can be accommo-
dated, as long as regret levels are Lipschitz continuous. For example, this
requirement is satisfied if u/(c’(w)) and u”(c’(w)) are bounded for all o € A
and w € [y, Wa].

Additionally, the matrix M does not play a fundamental role in this result.
Thus, it could have been replaced by some other matrix that maintained the

“directional” properties of the algorithm. That is, as long as it altered the

consumption rule in the opposite direction of the agent’s regret level. Thus,

18



the algorithm studied by Howitt and Ozak (2009) is a special case of this more
general algorithm.
Although convergence to the optimal linear rule is guaranteed, it is useful

to have an idea of the speed of convergence to the optimum. In particular:

Corollary 4.2. If the sequence {k;} satisfies

n b

n _
liminf 25—t + ZHL 71 g (4.5)
oo Rt Kt

where n < 1 and § > 0 is a lower bound of the norm of the Hessian matriz of

the agent’s a*-expected squared regret, then
Eao (llae = a*]}) < Aao)? (4.6)

for some suitable constant A(ay). In particular, this result holds with n < 1 if

A
tC + B’

0<¢<l. (4.7)

Ry =

Thus, under these conditions the algorithm converges to the optimal rule

at the same rate as k; converges to zero.

5 Extensions and Variations

The previous section showed that the algorithm converges to the unique asymp-
totically stable equilibrium of (ODE-DG) and that this unique equilibrium is

also optimal. In this section I use this result to analyze variations and exten-
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sions of this algorithm. In particular, notice that the previous results provide
a simple way to analyze variants of the algorithm. Any algorithm that con-
verges to the same equilibrium will have the same properties. Furthermore,
any algorithm, which has the same related differential equation (ODE-DG)

will have the same asymptotically stable equilibrium.

5.1 Some Variations

In the original algorithm (DG) agents are backward looking, but they use
introspection instead of using their past experience directly. A first variant of
the algorithm imposes a zero-intelligence behavior, in which agents use their
actual past experience.

Corollary 5.1 (Zero-Intelligence). Assume agents’ regret is given by past expe-

rience, so that they adjust their rule given their experienced marginal utilities.

Then the algorithm is given by

al a? 1
( +1) :( ) M [(BRU (Y (uwn 1) — ! (¢)y () )" (€} ()] ( )Hw (5.1)

1
o} w

which has the same properties as the original algorithm. In particular, it

converges to the optimal linear rule o* of theorem 4.1 at the same rate.

One problem with both this version and the original one, is that agents
may not be able to start learning, or learning can be slow if they are liquidity
constrained. A first step to overcome this problem is to assume that agents
start with very low levels of g, so that in period 0 they are not liquidity

constrained. Second, assume that when agents are determining what their
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marginal utility last period would have been, they assume they would not

have been liquidity constrained. Then:

Corollary 5.2 (Unconstrained). The algorithm is given by

o o 1
( +1) = ( 1) + kM [(BRU/ (] (wig1)) — ' (€] (wy))u” (6] (wy))] ( ) ;o (5.2)

1
Qiy1 Wy

which has the same properties as the original algorithm. But, it converges to

the optimal linear rule o of theorem 4.1 at a faster rate.

One problem of these backward looking algorithms is that they do not use
all available information. In particular, they do not use the information about
the distribution of their income. Clearly, forward looking behavior would take
this into account, although it would require more rationality and sophistication
by agents.

Corollary 5.3 (Forward Looking). Assume agents’ regret is based on their

expected discounted levels of marginal utility, so that
a?Jrl Oz? reb 1(.b 1(.b 1
= + kM [(Be[BRU (¢} (wer1))] — o/ (cf (we)))u” (et (wy))] Iy. (5.3)
1 1
Qi Qy W

This algorithm has the same properties as the original algorithm. In par-
ticular, it converges to the optimal linear rule o* of theorem 4.1 at the same

rate.

Clearly, in this setting, agents would have precautionary savings. But, this
implies that all agents that use these algorithms behave as though they had

precautionary savings motives.
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Another possible variation of the algorithm is to allow for social learning. In
particular, assume that there are /N agents in the economy and denote the set
of agents by N. Each agent ¢ has a set N; C N of friends whose consumption
rules she can observe.” Let A;; denote the importance agent ¢ gives to agent j,

where A;; € [0,1], A;; > 0 if and only if j € N;, and > .y A;; = 1. Also, let

JEN
¢+ denote the elements after the matrix M in one of the previous algorithms,
and a;; be the parameters of the consumption rule of agent ¢ in period ¢. I

assume agents now use the following algorithm

it = Z AijOéjt + I{thti, 1€ N. (54)
JEN
Thus, in a sense every agent is sampling their friends’ parameters, averaging

them, and changing this average according to their own regret.

Theorem 5.4 (Social Learning). If the conditions of corollary 4.2 hold, A =
(Aij)ijen is reqular and diagonizable, and for some x € (0,1), (1 +x) < N7,
then the algorithm with social learning converges to the optimal rule o at

higher rates than the other versions of the algorithm.

Proof. Reorder the system of equations and denote a) = (af,)iey and o} =
(a})ien the column vectors of agents’ consumption rules. Let ¢ = (qit)ien
denote the column vector of agents’ regrets. Additionally, let M° and M*

denote the rows of matrix M. Then the algorithm for the population can be

9In order to simplify notation I assume every agent is a friend of herself.
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written as

oy A0 ay Inyny @ MO
= : + ki "t

aty 0 A a} Inwn @ M?
Since A is regular, its largest eigenvalue is r* = 1 and it is the only eigenvalue
with modulus 1. Additionally, any other eigenvalue has modulus less than 1.
Also, the vector e = (1,...,1) is an eigenvector associated with r*. As A
is diagonizable, it can be decomposed so that A = AAA~!, where A is the
diagonal matrix of eigenvalues and A the matrix of eigenvectors of A. Let A
be such that the first column is e. Then, the first element on the diagonal of
Aisr* =1 and A™! can be rewritten as A™! = (e, X' 7). Premultiplying

on both sides by I5yo ® A1 the previous equation can be written as

Gy B AATE 0 i
et 0 AAT Qppy
A O 6(? A_l 0 Inun ® MO R
= + Ky 5 . Gt
0 A a} 0 Al Inun @ M*

where ¢;(&;) = q:(oy). But, this implies that as t — oo, a;; — 0 if i # r*.
So, by construction as t — 0o, a;; — Q.+ for all ¢ € N. Thus, the system of

equations for a,.,

Qo Qo
r*t4+1 r*t K¢ ~
= + _Mqr*ta
al al N
r¥t4+1 r*t
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is asymptotically equivalent to (DG). Thus, it is associated with the following

differential equation

dd’f'*o
or
:M / ddr'* Wdr* (dw)7
w

dd’f'* 1

or

which has the same asymptotically stable equilibrium as (ODE-DG). But then
Ea, (Ham - a*||> < Mao) (ke /N)" < Mao)(k)", which implies

Ba (llas = a*11) <oy (lldre: = aill) + Eao (Il = a”]])

<(1+ 2)Ao) (Kt /N)" < Alao) (k)" m

This result might seem surprising, since in this social learning scheme
agents are not copying the “best” rule used by their friends. Nor is the result
based on some agent learning the optimal rule and “infecting” their friends
with it. As there is no way for agents to know if their friends’ rules are better
than theirs, the effect of social learning seems to be more related to the aggre-
gation of learning experience across agents. One way to see this is as follows:
in an economy with many independent agents each learning individually, the
behavior of the average agent will be close to the optimal rule. With social
learning, each agent is using some weighted average of the behavior of the

friends. This effect is similar to the effect of the average agent in the first case.
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5.2 Some Extensions

This subsection extends the model in order to analyze the effect of changing
some of the underlying hypothesis. As stated above, one can extend the anal-
ysis for example to allow for y = 0 if one is willing to assume bounded first
and second derivatives of the utility function. It is also not difficult to see that
including a random interest rate or discount factor is easily accommodated as
long as they are identically and independently distributed with a distribution

that is Lipschitz continuous and bounded.

Corollary 5.5. Assume 3, and/or Ry are each identically independently dis-
tributed with B, € 3, ] C Ryy and R, € [R, R] C Ry Additionally assume
that the distributions of By and Ry satisfy the technical conditions in assump-
tions A and B, and redefine A = [0, wy + y] x [(R—1)/R,1]. Then the results
of theorem 4.1 hold.

This suggests a more interesting extension of the model. Consider the case
in which income is not identically independently distributed, but it is composed
of the product of a permanent and a transitory components. In particular,
let yi4+1 = yi1yii1, where the transitory component y/,, is identically and
independently distributed with mean 1 and variance o%. On the other hand,
assume that the logarithm of the permanent component follows a random
walk with drift, so that y/, = y/ 41, where €41 = eel,,, € € Ry, and

efil is identically independently distributed with mean 1 and variance o?2.

€

Additionally, assume that all the identically independently distributed random

variables satisfy the conditions of assumptions A and B. Also, assume that the
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utility function satisfies u(z-C;) = u(x)u(Cy) for any = € R, ;. Finally, assume
all the parameters satisfy the conditions required for the existence of a fully
rational solution.”

Clearly, in this setting it is not optimal for the agent to have wealth growing
at a different rate than income, since she could adjust her consumption and
obtain a higher level of utility without ever getting to a situation where she
is liquidity constrained infinitely often or never liquidity constrained. Thus,
under these conditions, any good rule requires agents’ wealth to be growing
at the same rate as her income. But this can only happen if her consumption
grows at the same rate also. So, if consumers are sufficiently sophisticated to

deduce this, they can apply the same algorithm to a similar problem and learn

the optimal linear rule. In particular:

Theorem 5.6. Assume agents comprehend that normalizing all variables,
which affect their decision problem, by the permanent component of income
eliminates underlying growth in their problem. Then they can learn the opti-
mal rule o by applying algorithm (DG) to their consumption problem based

on normalized values.

Proof. In this case a consumer’s wealth evolves according to

Wirr =R(W; = Ci) + y/ 191, (5.5)

0While the conditions that ensure the algorithm can be analyzed using the ODE are
satisfied by my assumptions, in order to obtain optimality it is required that such a fully
rational solution exists. This is an implicit assumption throughout the paper. See e.g.
Carroll (2004) for the conditions required when the utility function has the constant relative
risk aversion property.
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where W; and C, are their wealth and consumption levels. But, dividing by

yt]jrl on both sides, this is equivalent to

Wiy =1 (we — c) + yg:rl, (5.6)

where w; = W;/yl, Riy1 = R/esy1, and ¢, = Cy/yl, which has the same
structure as equation (2.1) in the original problem studied above, but with a
random rate of interest.

Additionally, notice that in this case fu(C}) = Bu(e)u(el;)u(ct). Defining
By = Bu(e)u(er, ), this problem is identical to the original one with a random
discount rate. Thus, my previous results imply agents can learn the optimal

rule a* of the normalized problem using any version of the algorithm. ]

Notice that in this scenario, the optimal rule o* that is found by the al-
gorithm is also normalized. In particular, since normalized consumption is
? = min {wy, a? + ajw;}, then the consumption function is given by C? =
min {W;, ofy!” + afW;}. Thus, agents would internalize the fact the income
is growing by increasing the intercept of their consumption rule by the same
growth rate as income. Clearly, this requires a lot of sophistication on the part
of the agents, who must understand that consumption needs to be growing at
the same rate as income. But additionally, it requires them to understand
what the effect of normalization is on the effective interest and discount rates.

But what if agents do not realize that consumption should be growing at

the same rate as income? That is if they measure their regret based on the

actual non-normalized values of wealth and consumption. In this case, if the
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utility function satisfies u(e1/€;) = u(er1)/u(e), then the ODE related to
the algorithm can be written as a function of consumption, wealth, and income

normalized by the permanent component of income. Namely, as

i . 1
| [ B R @) =)@ ))] - || Tumo)

where M = M - (u(€)?/€®) - E(u(eF)?/(e")?), € has the same distribution as

el and B; and R, are as defined in the previous proof. Thus,
Corollary 5.7. Agents learn the optimal linear consumption rule o*.

These results show that agents using the H-O algorithm can learn the opti-
mal linear consumption rule in more complex environments without requiring
more sophistication, rationality, memory or computing abilities. Clearly, these
results apply mutatis mutandis to frameworks where agents have a fixed prob-

ability of dying every period and a finite expected life.!!

5.3 Asymptotics, shocks, and finite lives

Although encouraging, these results have been based on the asymptotic be-
havior of the algorithm when x; — 0 as t — co. This generates two kinds of
problems: first, agents will stop learning as ¢ — oo, which implies they will fail

to react even if their environment undergoes large abrupt changes. Second,

While my results are based on the normalization of variables, one could use the methods
of Benveniste et al. (1990, part I, ch.4) for tracking non-stationary parameters in order to
allow the income process to follow other more complex stochastic processes.
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asymptotic results may be too far into the future given agents’ lifespan, thus
undermining their importance.

In order to address the first problem one can assume that agents restart
the learning process whenever their environment changes if x; ~ 0. Another
would be to let agents change their consumption behavior in ways that would
be suggested by the algorithm. As my previous result suggest agents might
react to a change in the average income by changing the intercept o in the
same quantity. Finally, one could assume that agents do not stop learning, i.e.
that lim;_,oo Ky = k > 0.

On the other hand, in order to address the second problem, two central
questions need to be answered. First, how well does the learning algorithm
perform in T" < oo periods? And, second, how well does it perform when
agents have finite lives? Clearly, if infinitely lived agents who use the algo-
rithm perform poorly in finite time, this learning scheme will not be useful in
situations where agents have finite lives. Thus, to answer these questions one
needs to know if within 7" periods the algorithm is close to its stationary state.

Reassuringly, results can be established for a finite horizon T,

when lim; .., k; = kK > 0 is small enough. In particular,

Corollary 5.8 (Benveniste et al. (1990, Corollary 2, p.43)). Let & = max;>q K¢,
€ > 0, and T be such that the trajectory of the ODFE 1is close to the optimal
rule, i.e. ||a(T) — a*|| < €/2, where a(T) is the value at T of the solution of

(ODE-DG). Then P (|lar —a*|| >€) - 0 as & — 0.

This implies that if & is small enough and the ODE converges fast enough

to the optimal rule, so will the algorithm. This result implies that the results
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with decreasing gain can be generalized to the constant gain case, as long as
the constant gain is small enough. Additionally, it indicates that if infinitely
lived agents had to stop learning at T" and were forced to live forever using
their current rule, their ex-ante expected lifetime utility would be close to the
one generated by the optimal rule.

Notice that this corollary also provides an answer to the first problem
raised. If lim; ,. k; = k > 0, then the agent never stops learning. So, any
change in her environment, which changes o, will quickly affect her learning,
which will track the new optimal rule. Thus, this “constant gain” version is
extremely useful in settings where the agent may face a changing environment.
Furthermore, notice that the agent will be learning and adapting to the new
environment even if she does not know the environment changed! This is an
interesting property of this family of algorithms, which solves the problems
raised by the Lucas critique, even though agents are not fully rational.

All the optimality results presented above are based on the comparison of
expected discounted life-time utilities in stationary states. But, if agents have
a finite live, then these optimality criteria are not useful nor can the analysis be
easily adapted. The problem here is that stationarity played an essential role
in all my previous analyses. But unlike the infinite horizon case, the problem
cannot be transformed into a variant that is stationary. On the contrary, the
agent’s problem varies with her age.!?

While analytical results seem to be difficult to obtain, the ability of the

12Perhaps the use of social intertemporal learning, where agents of different ages “teach”
each other or share past experience might allow the problem to be analyzed as a stationary
one.
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algorithm to track changes in the system, suggests it could still be useful in
this setting. To analyze this possibility, I endow finitely lived agents with
the HO-algorithm and compare their actual lifetime utility from using this
algorithm with the utility they would obtain if they had used the fully rational
consumption rule.

As in Allen and Carroll (2001) and Howitt and Ozak (2009) I consider
agents who have constant relative risk aversion (CRRA) utilities with a CRRA
coefficient # = 3, a discount factor § = 0.9, and face a zero constant rate of
interest. In order to understand the effect of a finite horizon, I consider 3
cases in all of which I follow agents for 60 periods. Case 1 assumes agents
have finite lives and have the same income process as the two aforementioned
papers, where each period agents get identically independently distributed
income shocks. In particular, I assume y; € {0.7,1, 1.3} with the probabilities
{0.2,0.6,0.2} respectively. Case 2 assumes agents have finite lives and an
inverse-U-shaped income profile, where y;, = y - yT, where yT has the same
distribution as the previous process, and yZ = 1 — (¢/60 — .5)%. In case 3
I assume agents live infinitely and their income follows the same process as
case 1, but I only follow their utility for the first 60 periods of their lives. I
assume all agents in all cases start to learn from the same initial linear rule
ap = (0,0.5) and initial wealth wy = 2.5. For each case I simulate the behavior
of 100,000 agents who use the unconstrained and the zero-intelligence versions
of the algorithm. Additionally, I assume that if the new rule a1 ¢ A, then

the agent does not update the rule and simply keeps her previous one for one
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more period.’® Finally, I assume the agent uses x; = 0.35 and the matrix

1 0.975
M=10- . (5.7)
0975 1

Figures 2-7 summarize the results of these simulations. For each case I
present the evolution of the mean, median, 25th and 75th quantile, minimum
and maximum of the parameters of the consumption rules ¢y in panels (a) and
(b). As can be seen there, and as should be expected from the theory, in all
cases most of the movement in the mean value of the parameters occurs in the
first 20 periods. This suggests that the distribution of parameters converges
very fast. In cases 1 and 3, presented in figures 2, 3, 6, and 7, the average
consumption rule remains practically constant after 30 periods. On the other
hand, in case 2 (figures 4-5), the parameters follow the non-monotonicity of the
income process. In particular, notice that the average intercept o has a similar
inverse-U-shaped evolution, which could be expected, since that is precisely
the shape of average income. On the other hand, the marginal propensity to
consume ol starts with a movement towards the optimal rule o*, but then
follows a U-shaped trajectory.

Panels (c) and (d) of these figures present the distribution of realized life-
time discounted utilities under the linear and fully rational consumption rules,
and the distribution of differences in these realized utilities. The figures show

clearly that agents’ discounted lifetime utilities would have been higher under

13Similar results are obtained if instead the agent chooses a random rule in A, a fixed
rule in A or the closest rule that would have resulted in her not having regret.
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the fully rational rule. In all cases the distribution of utilities under bounded
rationality has a very long left tail, showing that there are many individuals
that get very low lifetime utilities. This is caused mostly by underconsumption
during their lifetime. Since all agents start from the same initial conditions,
this suggests that a series of bad draws prevents some agents from learning.
In particular, notice that if agents live finite lives (case 1 and 2) the median
deviation of lifetime utility is less than one unit. On the other hand, if agents
are infinitely lived, the median difference lies between 2 and 1.5.

Since differences in utilities cannot be easily compared, I also compute the
certainty equivalent level of consumption, which would have generated that
level of utility in the same T = 60 periods. In particular, for every agent I

compute

CE = %u—l (2_: ﬁtu(ct)> | (5.8)

Panels (e) and (f) show the distribution of these certainty equivalents and
the difference between the certainty equivalents generated by the boundedly
and fully rational rules. In all cases the median boundedly rational CE is
above the minimum fully rational CE. Thus, in this setting boundedly rational
agents, who use the HO-algorithm, have at least a 50% probability of having
similar levels of CE than fully rational ones within 60 periods. Similarly, the
probability that boundedly rational agents’ discounted lifetime utility levels are
in the range obtained by fully rational ones is close to 50% within 60 periods.

Notice that these results do not depend on the agent having a finite life. This
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follows basically from the fact that unless their lifespan 7' is extremely short,
the rational consumption rule for every age is pretty close to the rational
consumption rule of the infinitely lived agent.

Although these results are only suggestive, they do support the use of the

algorithm in life cycle models with boundedly rational agents.

6 Conclusions

The assumption of complete and perfect rationality has increasingly been criti-
cized due, in part, to the high complexity of many solutions in economic models
under this assumption. In response, models of bounded rationality and learn-
ing have recently flourished in economics, though the study and application
of these ideas to approximate solutions of stochastic dynamic programming
problems is still an emerging area. In particular, the study of consumption-
saving decisions under uncertainty and liquidity constraints has been pursued
by only a couple of papers with limited or negative results.

In this paper I have shown that boundedly rational agents, who use a linear
consumption function, face liquidity constraints, and have uncertain income,
can learn to behave “optimally” by following a generalization of the learning
scheme proposed by Howitt and Ozak (2009). In particular, using a novel
theoretical framework I have shown that in a general consumption problem
under liquidity constraints and uncertainty, agents using this algorithm will
learn to behave optimally. In particular, there is a unique stable consumption

rule that maximizes agents’ ex-ante expected life-time utility. The stability
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and optimality properties of this rule imply that in the steady state agents do
not have an incentive to deviate from their behavior. This follows from the
fact they are getting the maximum expected life-time utility under the wealth
distribution generated by their consumption function.

Using the general theory I provided various extensions of the model to
incorporate different income processes, random interest and discount rates,
and levels of rationality and sophistication by agents. Additionally, I studied
the effects of social social learning. Finally, using numerical simulations I find
that the algorithm has similar properties to the infinite horizon case when
agents live only a finite number of periods and have a life-cycle pattern of
income.

The analytical and numerical techniques used suggest that similar results
could be obtained in other dynamic programming settings. This would allow
the study of bounded rationality in other macroeconomic models. Clearly,
learning the fully rational solution might only be attainable in very specific
settings, like the linear-quadratic one (Evans and McGough, 2009) or when
the boundedly rational rule belongs to the same family of functions as the
optimal one. Still, unlike other learning schemes, the one proposed in this
paper is known to have stability and optimality properties which make its use
more desirable. In particular, this framework can be applied in large agent
based macroeconomic models, where millions of agents need to be simulated
simultaneously. By using this learning scheme, macroeconomic modelers can
incorporate boundedly rational agents in their models, without being subject

to extremely suboptimal behavior by the modeled agents nor to the Lucas
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critique.
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Figure 2: Dynamics of (backward-looking) algorithm with finite horizon (case

1).
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Figure 3: Dynamics of (zero-intelligence) algorithm with finite horizon (case

1).
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Figure 4: Dynamics of (backward-looking) algorithm with finite horizon (case

2).
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Figure 5: Dynamics of (zero-intelligence) algorithm with finite horizon (case

2).
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Figure 6: Dynamics of (backward-looking) algorithm with infinite horizon
(case 3).
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Figure 7: Dynamics of (zero-intelligence) algorithm with infinite horizon (case

3).
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Online Appendix (not for publication)
A Proofs

Proof of Theorem 2.1. Clearly, under assumption A, the wealth process {w;} is Markov with
state space (W, B(W)) = (R,,B(R,)) and transition probability kernel P defined by

P(w, A) = ({A R(w — c(w)))} my), Yw €W, A€ BW). (A1)

P(w, A) gives the probability of going from state w to a set A in one period. Notice that if
w € [0,w], then P(w, A) =T(ANY) is independent of w, i.e. [0,w] is an atom (Meyn and
Tweedie, 1993, p.103). If y < w, then this set is an accessible atom.

Here I present and prove a more general version of the theorem. For that, let Y = [y, §)

and let {w;} be a Markov process with state space (W, B(W)) = (R4, B(R,)), defined as

W1 = h(wy) + Y

for some increasing and convex (or concave) function h(w) and transition probability kernel

P defined by
Plw, A) ({A h(w)) } my) Yw € W, A€ BW). (A.2)

P(w, A) gives the probability of going from state w to a set A in one period.

Let A denote the set of stationary wealth levels generated by the stochastic difference
equation, when income is equal to y in every period, and let A denote the set of stationary
wealth levels when income is 7 in every period, ie. A = {w € Ry |w=h(w)+y} and
A={weR, |w=h(w)+ gy}. Let w be the infimum of A, w be the infimum of A, and w

be the supremum of A.

Theorem A.1. If assumption A holds, then:

(i) If w < oo, then there exists a unique invariant probability measure m on VW and a w-null
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set N such that for any initial distribution of initial wealth \,'* such that A\(N) = 0,

H/A(dw)Pm(W )= 7?(-)H =0, m—oo.

(i1) If w = oo, then P(w; — o0) = 1.

Proof. We present the proof for the case when h(w) is convex. For the other case, just revert

the roles of w! and .
(i) Assume that w < co. We need to analyze two cases:

(a) If w < w', let A* = [w, w], A° = [0,w), A' = (w,w') and A® = [w!, 00). Then

=1 ifweA*UA° =1 ifweA™®
P(w, A* , P(w, A A3
(w ){:O if we A® (w ){:0 if we A%U A* (4.3a)
P™(w, A*) > 0 if w € A' or P™(w, A®) > 0 if w e Al (A.3b)

for some 1 < m,m’ < oco. So, for any w € W and A such that A* C A and
AN A® = [, 00) for some w > w!, there exists m < oo such that P™(w, A) > 0.

Letting

rANY) ifA*CA and ANA® = [, 00) for some w > w'
p(A) = .
0 Otherwise

I have that the process {w;} is @-irreducible and thus there exists a maximal
irreducibility measure ¢ on B(W) (Meyn and Tweedie, 1993, theorem 4.0.1). Fur-
thermore, (A* U A*®) > 0, so that ¢) has support with non-empty interior, and
since the process is Feller, it is a T-chain by proposition 7.1.2 and theorem 6.0.1(iii)
in Meyn and Tweedie (1993). Furthermore, theorem 6.0.1.(ii) ensures that every
compact set is petite, and since A* is compact and absorbent, theorem 8.3.6(i) en-

sures the process {w;} is recurrent. Thus, by theorem 10.4.4 T have the existence of

4Here ||-|| denotes the total variation norm, i.e. if X is a signed measure on B(W) then
A= sup |A(f)].
11
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a unique invariant measure 7, which, since A* is petite and absorbing, by theorem
10.4.10 is finite, and equivalent to a probability measure 7, so that the process is
positive recurrent. Now, it is not hard to prove that the process is aperiodic, so
that theorem 13.3.4(ii) in Meyn and Tweedie (1993) gives the desired result.
(b) If w = w?, then also w = w. Let A* = [w!, @], A° = [0,w!) and A® = [, o).
Then
Pw, A") =1 if we A*u A and P™"(w,A") >0 if we A®
(A.4)
for some 1 < m < oo. So, for any w € W and A such that A* C A, there exists

m < oo such that P (w, A) > 0. Letting

riAny if A*C A
o(A) = {0 Ay S
therwise

I have that the process {w;} is @-irreducible and thus there exists a maximal
irreducibility measure ¥ on B(W) (Meyn and Tweedie, 1993, theorem 4.0.1). Fur-

thermore, since ¢(A*) > 0, the result follows from the same arguments as in (a).

(i) If w = oo, for any w € W there exists m < oo such that €, = P™(w, A*) > 0, where
A> = [w',00). Define € = sup,c1)€w- Clearly, P(w, A*) = 1if w € A® and

P(wy — 0o | wy € A*®) = 1, then for any w € [0, w?),

P(w; < 00, ¥Vt) = 1—P(w; — 00) = P(w; € (A®)Y, V) = lim (1—¢,,)" < tlim(l—e)t =0

t—o00 —00
so that P(w; — o0) = 1. [
It is easy to see that if h(w) is concave, then the set N in the previous theorem is given
by N = (). This theorem can easily be extended for other types of increasing functions, but

this would require us to change the notation and analyze more subcases, so I do not pursue

it here. ]

Proof of Theorem 4.1. Let’s start by proving that m, is Dg-continuous and differentiable

48



(Heidergott, Hordijk and Weisshaupt, 2006; Heidergott and Vazquez-Abad, 2006, 2008). In

order to prove this, I need to show that under our assumptions, the proof of Theorem 4.2 of

Heidergott et al. (2006) holds, so that m,, 4, is Zs-Lipschitz continuous and differentiable.

For simplicity I will follow the notation and definitions used by Heidergott et al. (2006). We

present the proof in steps.

Step 1:

Step 2:

Let A* be as in (i)(a) in the proof of Theorem 2.1. This set is petite and the first
return time to A* for every w € A*, 74 is 1. So, theorem 14.0.1 of Meyn and

Tweedie (1993) implies that for any function f : W — [1,00) I have that

/Wf(w)ﬂao,al(dw) < 00.

Clearly, for any continuous function g : W — R, |g| + 1 satisfies the conditions
above, so that |g| + 1 is 7, 4, -integrable. By theorem 11.27 of Rudin (1966) ¢ is

also Ty, o, -integrable.

For fixed «, let P(w,A;«) denote the one-step transition kernel. By (2.1) v’ €
W(a,w) = [R(w — (e, w)) + y, R(w — (o, w)) + §) with probability one, so that
the density function of w’ is

Yy (W' — R(w — (e, w))) if w' € W(a,w)
0 Otherwise

i~

and

P(w, A; oz):/fywr(w';oz,w)dw/.
A

Under (a), this implies that for any continuous function g : W — R,

/ |g(w")| Y (W5 @, w)dw' = / |g(w)] Y (w'; v, w)dw'
w W(a,w)

<@-y)- s |g(w)]yw(w'; o, w) < oo
w'eW(a,w)

for all @ and w € W. Let & denote the set of continuous functions ¢ : W — R and

P, be the set ¢-bounded continuous functions, where ¢ is defined in equation (2.2).
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Clearly, Z4 C 2.

Under (b), I have that for any ¢-bounded continuous function g : W — R,
/ lg(w")| Yo (W5, w)dw" <K AW )Y (W'; , w)dw' < oo.
w W(a,w)

For this case, let 2 = %, be the set of ¢-bounded continuous functions.

Then by assumption D, P(w, A; ) is Z-Lipschitz continuous at . To see this, notice
that for o/ # a with o/ chosen in such a way that either both ¢®(a, w), ®(o/, w) < w
or (a,w),c’(a/,w) > w. We can do this, since both Z-Lipschitz continuity and

Z-differentiability need to hold on an open set around «. Then

‘/ e (W' 0, w)dee! _/ 9wy (W' o, w)dw'
'/ (w'; 0, w) = %'(wﬁa’,w))dw’

< [ 1) (' 0,0) = (')
W
On W(a,w) N W(c/,w) I have that

[ (w5 @, w) = (W' 0 w)| My (w) |R(w — (a0, w)) — R(w — ¢ (o, w))]
=R M;(w) |’ (a, w) — (o, w)]

<R My(w)(lao - af| +wa - af]).
On the other hand, let

W = max { R(w — ’(a,w)) + 4, R(w — (e, w)) + 5},
@ = min { R(w — (o, w)) + 7, R(w — (/' ,w)) + 3},
@ = max { R(w — ’(a,w)) + y, R(w — (o, w)) + y}

@ = min { R(w — (o, w)) +y, R(w — RT) +y}
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so that
/ 90| (' 0, 0) — (', )| !
W\ <W(a,w)ﬂW(a’,w))

g(w")| max {~, (w'; a, w), v (W' ', w) } dw'

Il
Ex\g
t

T / lg(')| max {yer (' @, ), e (w's o, ) } d!

< My(w) + Mg(w)> <|a0 — gl +w|ag — a’1|).
So,
/ |9 (W) 7o (w's o, w)dw' — Yo (w's o, w) | du’ =
w
:/ lg(w")] |y (W'; r, w)dw' — v (W5 &y w) | dw’
W(a,w)NW(a/ ,w)
+ [ 9(0) | (0 0, w0 — ()|
W\ <W(a,w)ﬂW(o/,w)>
§<Kg R M, (w) + My (w) + Mg(w)) <|a0 — o)+ wloy — o/1|)
where K, = fw(mw)mw(a,’w) lg(w”)| dw’.

Similarly, if @, o' and w are such that either ap+ 1w < w < o +jw or af+ajw <

w < ap + aqw, then
/ lg(w)] |y (s @, w)dw" — 7 (w'; o, w) | dw' =
w
- / 19(0")] Py (' 0, w)d! — o (' )| e’
W (a,w)NW (e ;w)
T / 190" Py (s @, )’ — (' o, 0) | i
WA\ (W(a,w)ﬂW(a’,w))
g(Kg R M, (w) + My (w) + Mg(w)) <|a0 — o)+ wloy — o/1|).

This follows from a proof similar as before, one just need to notice that if ag+ajw <

w < o) + ojw, then

0<w(l—ay)—ay < (g —ap) +w(a; —af),
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Step 3:

Step 4:

so that

‘cb(a, w) — cb(o/,w)‘ = |w(l — a1) — ag|
< (a0 — ap) + w(an — )

/ /
< lao — ap| + wlon — o,
and similarly for the case when o) + ojw < w < ag + aqw.

Since w, < 00, SO

sup || Po | = sup Sup/ Yur (W5 w)de’ < 00. (A.5)
« e} w w (b(w)

Since ¢(-) is continuous and the level sets Cy = {w | ¢(w) < d} for some d € R, are
compact, they are also petite. This implies that ¢(-) is unbounded off petite sets.
Notice that —Rap — (1 — R(1 — o))w € &, and I can find a A € (0, 1) such that

—ROK(] - (1 - R(l - 061))11)
" o(w)

<(A=1)<0.
If w < w, then
| oy < Ly < L1+ dofw)
On the other hand, if w > w, then
[ o(R(1= aw = Rag+9)(0)dy - o) =
y
/ ¢'(€) (R(l —a)w — Rag+y — w)vy(y)dy <
y
| iy~ Bay— (1= (1= )
so that

/yng(R(l —ay)w — Rag + y)vy(y)dy <

Ly + Agp(w).
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Let L = max{Lq, Ly}, then L, \, ¢(w) satisfy lemma 15.2.8 in Meyn and Tweedie

(1993), and by their theorem 16.0.1
||Pan - 7Toz||¢ S KaPZ (A6)
for some K, < oo and 0 < p, < 1.

But equations (A.5) and (A.6) are the same as in lemma 4.1 and equation (20) in theorem
4.1 in Heidergott and Vézquez-Abad (2008), so the proof of their theorem 4.2 holds, and m,
is Zy-Lipschitz continuous.

Additionally, notice that if g € Z,, then

)
R(g(R((1 = ar)w = ag) + )3 (R((1 = ar)w — ag) + y) -

i g(w/)fyw/ (w/; a, w)dw/ = g(R((l - al)w - aO) + g)'Vy(R((l - al)w - 040) + g))
dag Jyy —l—fwg(w’)&vwz(w’;a,w)dw’ if w > 1f‘—gﬂ

L 0 Otherwise

((Ru(g(R((1 = ar)w — o) + ) (R((1 — ar)w - ag) + )
i g(w/)fyw/ (w'; a, w)dw' = g(R((1 — a1)w — ag) + g)’yy(R((l —a)w — ag) + :U))
don Jyy —l—fwg(w’)ﬁyw/(w’;a,w)dw’ if w> 22

L 0 Otherwise

are well defined and are the Z,-derivatives of P(w, A; «). Thus, 7, is also Z,-differentiable.

Since Weierstrass’ Theorem ensures the existence of a o-optimal rule, and strict concavity
of the utility function ensures that for each ¢ € A, a, is unique, i.e. a function and not a
correspondence of . Now, the maximization problem is also continuous with respect to o,
ensuring that a, is continuous in ¢. This allows the application of Brouwer’s fixed point
theorem to prove existence of the solution a* that is a*-optimal.

For the next step, we need a couple of additional results and characterizations of the
a*-optimal rule and of the fully rational solution. It is well known that in my setting the

fully rational solution ¢*(w), can be analyzed as the solution to

vw) = max u(c) + BE v(h(c,w,y))\c,w] (A.7a)

s.t. 0<c<Lw
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Le. ¢"(w) = argmax u(c) + SE [v(h(c,w,y)) | c, w] (A.7b)

s.t. 0<c<w

Notice that for o* and any «,
EV,. — EV* = /U(a*,w) —v(w) T (dw) > /U(a,w) — v(w) T (dw)
Proposition A.2. Iflim, ., 5'Fy [U(a, wy) — v(wt)} =0 for o € A then:
(i)
Ula,wy) —v(wy) =

3 ot € t1s3) — € 015,)) — b (o) ~ c*(wtﬂ-)f] . B8

Eq

(ii)
EV,—EV* =
Zﬁ /W (1) ( (e ) — € (wee)) (A.9)
_kt-i-j(cb(wt-i-j) —c ('th+j))27ra(dwt+j)j| :

Proof of proposition A.2. (i) By Taylor’s theorem

(e ()48 B (Rl — () + ) = (e (w) + /(€ (w) (" (we) — ¢ (wy))
gt (€ we) — () + BEofu(R(w, — ¢ (w)) + 1)
—BREo[o’ (R(uw, — ¢ (w0)) + y))(e(wr) — ¢ (wy))
+ SBRE (G (wi) — ¢ (w)?
— o(w)+ (/(¢" (wn) = BRE[ (R(w, — ¢*(wy)) + )] ) (¢ (wy) = " (wy))
4 (w6 + BRE"(Q)]) (i) — ¢ ()

= o)) (e () — ¢ () + 5 (€ + BRE"(Q)]) (i) — ¢ ()

where p(w;) > 0 is the Lagrange multiplier associated to the first order condition of
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(ATa), & € (c"(wy), " (wy)) and ¢ € (R(w — c*(wy)) + g, R(wy — ¢ (wy)) +y,). Thus,

U, we) = vlaw) =u(c(w,)) + BE[U (e, R — () +90)] — ()
=) (e () — () + 5 (€ + BRE"(Q)]) (i) — ¢ ()

+ BEG[U (v, R(wy — ¢ (wy)) + ) — v(R(wy — P (wy)) + )]

Iterating I get

Z pu(wer ) (P (weyy) — ¢ (wt+j)))]

XT: <( (§e+5) + BRE[v ”(Ct-w)])( P(wyy ) _C*(wt+j))2>]

BTEO[ (a, R(wisr — (wisr)) + Yesr) — 0(R(wegr — C(wigr)) + yerr)]

which under our hypothesis gets the desired result.

(ii) Notice that U(a,w;) — v(wy) is continuous in w; and under the stationary distribu-

tion w, € [y,w]. So, U(ew,w) — v(wy) < V, for some 0 < V < oo, and thus,
limy 00 8" Eo |U (v, wy) — v(wt)] = 0 holds for w; € W m,+-a.e. Replacing the previous

equation in the definition of EV, — EV™* gives the result. ]

Corollary A.3. a*, belongs to the set
A={ae ]| =10"Y},

Thus, it s a solution to

gggzﬁf [ st nss) = (aes) P (). (A10)
which is equivalent to
min/ [k (" (ws) — ¢ (wy))*Tas (dw)] (A.11)
ach Jyy

Proof of Corollary A.3. Assume on the contrary that w,« < @w*, then, since p(wy;) = 0 for
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all wy; > w*, I can find o € A such that W, = W, and w, = w* for which

(Cb(aa Wiy j) — C*(wt+j))2 < (Cb(a*,wtﬂ') - C*(wtﬂ'))Z Vwgy
:u(wt+j>(cb(a7 wt+j) - c*(wtﬂ-)) =0 Vwy
so that
/U(a,w)wa* — EV* > EVye — EV”®

which is a contradiction. If on the other hand, w,~ > w, then I can find o € A such that
W, = w* and both consumption rules cross ¢*(w) at the same point. In this case the same
contradiction follows.

That w, = w* implies that the first part of the integrand in (A.9) is always zero, so that

a* solves the problem

minz e /W [l{:tﬂ(cb(wtﬂ) —c (wt+j))277a*(dwt+j)] : (A.12)

But a change of variable and the fact that w, follows the stationary distribution implies that

it also solves (A.11). m
This implies that w,. = y.

Proposition A.4. There exists a unique o* that is a*-optimal.

Proof of proposition A.4. Let 0 < e <min{y/R, (1 + R)/2R},

Tl (O‘) = ef U(va)ﬂo_f U(os,w)me

Y

and define T : A — A as

T(o) = <max {Tl(a)ao, %ao + e} max {Tl(a)al,% (m - %) + e}> |

Notice that 7} is continuous, T1(c) < 1 for all ¢ € A and Ti(0) = 1 if and only if 0 = a,.

This implies that T'(¢) = o if and only if 0 = «,. So, T'(¢) and «, have the same set of
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fixed points. Since T'(A) C A and is contracting, Banach’s fixed point theorem ensures there

exists a unique fixed point. Thus, o* is unique. [

So, under our assumptions, the unique a*-optimal rule minimizes the expected squared
difference from the optimal consumption function under the stationary distribution of wealth

mo+. This allows some additional and useful characterizations. In particular,

Proposition A.5. a*, solves the following problem

min /W (BREtu’(cb(th))—u’(cb(wt)))zﬁa*(dwt). (A.13)

(ap,a1)EA

Proof of proposition A.5. From the previous corollary, o* is such that c’(w) = ¢*(w) for
w < * and the expected squared difference between c®(w) and ¢*(w) is minimal under 7.

Since,

BRE! (M (wi)) =/ (M(wy)) = k(" (wy) — ¢ (wy)), (A.14)

Taylor

then (g, ) must also solve (A.13). Since c®(a,w) is an increasing function of «, the
objective function is strictly convex, and the solution is interior, then the first derivatives
of (A.11) with respect to o and o7 must equal zero at o*. Now, consider the problem of
minimizing A.14, but choosing two different set of parameters, one for ¢®(w;,;) and one for

c®(w;). The first order condition requires

[ e (smEa @) @) () om0 (19
[ (BREw @) - ) B fute b(wm))( )|y =0 (o)
Notice that
[ (prE ) - v @) B o) ()| o) -
[ Bt @) (SREa! ) ~ () () e ()
b [ R = ) (BREW () = () () o) -
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/w Etul/(cb(wt))(5REtU/(Cb(wt+1)) - U/(Cb(wt))) (UIJ) Iymas (dw)
+ /w kuk By (win — wy) (Cb(wt)) - C*(wt)) ( !

Wy

[ Bt @) (SRE! @ w)) ~ (@) () e ().

) Tyt (duw;) =

Thus, if (A.15) holds, so does (A.16). But (A.15) is (ODE-DG) pre-multiplied by M. That
is, a* is a*-optimal if, and only if, it is an equilibrium of the differential equation related to

the algorithm. [ ]

Corollary A.6. The unique o*-optimal rule is the unique globally asymptotically stable
equilibrium of (ODE-DG).

Proof of corollary A.6. This follows from the fact that o* is the unique minimizer of the

expected a*-expected squared regret. Rewrite (ODE-DG) as

day
or

doo
<87) =M - h(a). (ODE-DG’)
Pre -multiplying (ODE-DG) by M~! generates a gradient system. Since a* is the unique
minimizer it is also the unique asymptotically stable equilibrium of this dynamic system.
But, (ODE-DG) equals zero if and only if M - h(a) = 0. Since M positive definite, this can
only happen if and only if A(a) = 0. Thus, (ODE-DG) and the gradient system have the

same asymptotically stable equilibrium o*. [ ]

Now we need to prove the relation between equation (ODE-DG) and the algorithm. For
this it is only necessary to verify that the problem satisfies the conditions required by the
theorems of the theory of stochastic recursive algorithms. Before doing so, notice that the
algorithm can be rewritten as

(05) = (28) + menr | [ (B (e = Wikt cbtwn) () Toma

Qi t

kM [(ﬁREtu%ci’(wm)) ~ w(c(w)))u (e (w)) (111)) v
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- [(erEa i) — b)) ), ) Tom|

Notice that last two terms are a Martingale difference, so that their expected value under
the invariant distribution generated by o* is zero.
Let Q¢ C A be the domain of attraction of a*. Then the global asymptotic stability of

o implies:

Corollary A.7 (Krasovskil (1963)). There exists a function L on Q° of class €* such that
(i) L(a*) =0, L(a) > 0 for all « € Q°, a # a*.
(i) VL(a) - M - h(a) <0 for all o € Q°, a # ™.

(11i) L(a) = oo if @ — 0Q° or ||la]| — oo.

Forany b € Ry, let K(b) = {(a, M) € Q° | L(a, M) < b}, and 7(b) = inf {n € N | (av,, M,,) & K(D)}.

Also let O C Q and 9Oy, C O° be compact sets and
(91, Qo) = {(awn, M,,) € Qq for all n, (a,, M,) € Q5 for infinitely many n} .
Theorem A.8. Let b < by < by < 00. Then:
(i) There exist constants Bs and s such that for all oy € K(b1) and all w € W,

Py oy ({T(b2) < 00}) < Bs(L+ wl) > k7. (A.17)
k=1

(11) For all oy € K(b) and allw € W, o, — o Py ag-a.5. on {1(by) = o0}.

(11i) There exist constants By and s such that for alln >0, all oy € Qs and all w € W

Prwao({om = a}) 21— By(1+ |w|*) Z Kp- (A.18)

k=n+1
(iv) For allw € W, o € Qa, iy = " Py, pp-a.5. on Q(Q1, Qa).

Py.ay denotes the distribution of {(wg, )}y, starting from (w, ag) and P uw.a, denotes the

distribution of {(Wnik, Cnik) by Starting from (w, ag).
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Proof of Theorem A.8. This theorem is simply an application of (i) proposition 10, (ii)
proposition 11, (iii) theorem 13 and (iv) theorem 15 in chapter 1 of part II of Benveniste

et al. (1990). I only need to show that their assumptions A.1-A.7 hold for this problem.
A.1 This is given by assumption C.
A.2 Follows directly from the definition of Q and (2.1).

A.3 In their notation, the function H (o, w) is given by the elements after k; in our equation
(DG), while their function p is equal to the zero function in our case. There are four
cases to consider:

(a) If w < g + ayw and W’ < o + aw’, then c(w’) = y.
(b) If w < ap + cqw and w' > ag + ayw’, then c(w') = ag + a1y.
(¢) If w> ap+ ayw and W' < ap + ayw’, then c(w') = R(1 — ay)w — Rag + y.

(d) Ifw > ap+ayw and w’' > ap+aqw’, then c(w') = ag+ Rag (1 —aq)w — Rogag +aqy.
Let Uy (w, o) = (BREW (c(w')) — /(o + cqw))u” (e + cqw), then
(a)

Ui (w, )| = |(BREw (y) — v/ (a0 + cqw))u” (g + cqw))|
<(IBRE ()| + [0/ (00 + caw)]) [u" (ag + cw))]
<(}BRU'(Q)‘ + }u’(ao + alg)‘) }u”(ozo + alg)‘

:Ul (Oé)

Ui (w, )| = |(BRE (0 + ony) — v (g + cqw) ) u”" (g + aqw)]
<(|BREw (ap + ary)| + [t/ (ap + aqw)|) [u”" (o + cqw)]

<(|BRY (g + ary)| + |/ (a0 + cry)]) [u”" (0 + )]
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Ui (w, )| = |(BRE/ (R(1 — ay)w — Rag + y) — v/ (g + aqw) )u” (e + cqw)|
<(IBRE'(R(1 — an)w — Rag + y)| + |/ (ag + cqw)|) [u”" (g + aqw)]|
<(|BRY(R(1 — a1)y — Rag + y)| + v/ (a0 + e1y)]) |v”" (a0 + cny)|

:Ul(Oé)

(d)

Ui (w, )| = |(BREw (g + Ray (1 — i )w — Ry + any) — v (g + aqw) ) u” (ap + aqw)]
<(|BREW (o + Rou (1 — ar)w — Ragay + aqy)| + v (ap + cqw)]) [u” (o + aqw)]
<(|BRu' (0 + Ray (1 — o)y — R + any)| + v/ (o + cay)|) |’ (o + cay)|

:Ul (Oé)

Thus, |U;(w,a| < U, where U; = maXcases (a)—(d) SUPgco, Ui(a). So,

vt ()| <1 .ol | ()] < i +0),

where K7 = || M]].

A4 Their function h(«) is given by (ODE-DG). We have that

Sl_]l/(l + wHma(dw) - | M — M| +K1/|U1(w,a) — Uy(w, o
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+ K1 <K3 |Oéo — 046| + K4 ‘Ozl — O/l‘>

where K3 and K, are given by the Lipschitz continuity of m,. We only need to show

now that U, (w, «) is Lipschitz continuous. Since

[u" (a0 + ayw) — (0 + afw)] = () (a0 — ) + (n = o))
< " ()] (Jao — apl + o1 — af] w)

< sup [v"(min {ap + a1y, y})| <|a0 — ap| + |y — o] w),

1ﬂ@«%—%wwm—¢mﬂ

< [u"(€)] (Jao = @] + s = afw)

[u' (g + qw) — ' (afy + qw)| =

< sup |u'(ag + aw)| (|a0 — gl + |ag — o] w),
0,01, W
| (cri1) — W (chyy)| = u"(€") (o1 — chpy)|

< |u"(€")] Jerrr = €l

< sup |u”(min {ag + cyw, w})| |cir1 — ¢yl -
0,01, W

There are 10 different cases of ‘ctﬂ - +1‘ to analyze:
(a) If 1 = y = )4y, then |ci — ¢y | = 0.

(b) If cy1 = o + y and ¢, =y, then by assumption, aj + ajy >y > ag + oy, so

that

, —_—

et = | =lao + (a1 = Dy = [(1 — an)y — ao| < [(ag — @) + (@) — )y

<lao — ag| + |ar — a}] .
(c) If 41 = R(1 —ar)w —agR+y and ¢, =y, then aj+ajy >y > ag+ oy, so that

‘Ct—l-l — Cfﬁ-‘,—l‘ = ‘R(l — Oé1>w — Oé(]R| =R ‘(1 — Oél)w — Oéo| <R ‘(066 — Oé(]) + (O/l — oq)w\

§R<\a0 —ap| + Jag — o/1|w>.
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(d) If ct41 = a9+ Ry (1 — ay) — Ry + iy and ¢ = y, then
Yy < o+ ary, ay + afw > w > ap + aqw,
and R(1 — aj)w — agR +y > ag + Rai(1 — a1) — Rapgay + aqy, so that

a1 — €| = lag + Ras (1 — en) — Ragay + ey — y|

<R|(1 - a))w — ag| < R<|a0 — gl + o — o] w).
(e) If cty1 = g + any and ¢, = of + &}y, then
|Cov1 = ¢t | = lao + ary — af — afy| < |ag — ap| + [an — ] 7.
(f) If c,1 = R(1 — on)w — agR +y and ¢, = af + o}y, then
y > ap + aly, ay + aqw > w > ay + aqw,
and ag + Ray (1 — a1) — Rapag + aqy > R(1 — ag)w — agR + y, so that

i1 — | =|R(1 — an)w — R +y — af — oy
=R(1 — a;)w — ayR+y — aj — aly
<ap + oy (R(l —ay)w — R + y) —aj — aly
(g — ap) + (o = af)y + Raq (1= a)w = ay )
<(ag — ag) + (a1 — a})y + Ray ((o/1 —ap)w — (o — ao))

S(l + R@l) |Oé() - Oé6| + (gj + Rdlw) |Oé1 - Oé/1| .
(g) If ciy1 = g+ Ry (1 — o) — Rogon + aqy and ¢, = af + o}y, then
y > o+ ayy, ay + ajw > w > ap + aqw,
and g + ROKl(l — Oél) — ROéoOél + a1y < R(l — oq)w — Oé(]R + Y, SO that

‘ctﬂ — CQH} =|ap + Ray (1 — aq) — Rapag + any — oy — a4y
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=R(1 — a1)w —ayR+y —aj — a}y
<lao — ap| + |en — | g + Ron [(1 — an)w — o]
< lao — af| + lon — a4|§ + Rai (Jao — | + ar — o w)

=(1+ Ray) |ag — ap| + (§ + Raqw) |og — o] .
(h) If 441 = R(1 — an)w — apR +y and ¢, ; = R(1 — o) )w — o R + y, then
Jev1 = iy < B(lao = apl + o = afw).
(i) Ifcip1 = R(1 — o)w — agR+y and ¢, = o + Ra' (1 — o)) — Raja) + oy, then

w>o+oqw Rl —a)w—oyR+y < ayg+ Ra(1 —ay) — Rogag + aqy
w>ay+aiw  R(1—aj)w—aoR+y > o+ Raj(1— o)) — Ragay + ay
so that, if ci41 — ¢j,; > 0, then
i1 — Gy | =R(1 — an)w — apR + y — afy — Ray(1 — o) + Raga — aly
<ap+ Rai(1 — 1) — Rypag + aqy — oy — Raj (1 — o)) + Ragal — oy
(g — ap) + (= o)y + (@ — ) R((1 = ag)w — o)
+ a’lR((ag —ap) + (o) — al)w>
<lag — ag| + |on — 4|7+ |oq — | Rw + R5q<|a6 — ap| + | — a4 w)

:(1 + R@l) |Oé0 - 046| + (ﬂ + R(l + 5[1)111) |Oé1 — Oé/1| .
On the other hand, if ¢;11 — ¢, ; <0, then

¢lar — o] =a + Rol (1 - o) — Raja, +aty — R(1 - an)uw + aoR — y

IA

R(1-aj))w—ajR+y—R(1 —a1)w+apR—vy

§R<|a0 —ag| + | — o] w).
(G) Ifciy1 = ap+ R (1— o) — R + iy and ¢4 = o+ Ry (1 —of) — Ry +aly,
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then

Cte1 — CQ+1‘ =g + Roy (1 — o) — Ragoy + oqy — ay — Ray (1 — o) + Rogay — aqy|

<(14 Ray) |ag — ap| + (7 + R(1 4+ aq)w) |ar — o] .
So, since R > 1, y > 0 and a; > 0, I have that in general

|1 — | < (1 + Ry Jog — o] + (5 + R(1 + a@n)w) o — o]

Uy (wa) — Uy (w, )| = (BREtu’(ctH) —/(ag + alw)>u”(ao + aqw)

—(BREw (¢441) = w0 + afw) )" (o + afw)

= (ﬁREtu’(ctH) — /(g + alw)> (u (ag + qw) — u"(ag + jw) )
+u” (e + ajw) (ﬁREtu’(cHl) — (g + ayw) — PREW (¢)y1) + v/ (0 + ajw) ) ’
< |BRE! (co11) — o (00 + aaw)]| [ (0 + aaw) — (0l + )|
+u" (o + dw)] <5REt |0/ (cen) — /(¢ )| + Ju' (a0 + anw) — u! (o + o/lw)|>

<(1+ BR) sup }u min {a, + a1y, y}) ‘ SUP ‘u (min {ag "’O‘ly’ﬂ})‘

QQ,01

(o= i+ b =) + s 4 o+ )

@Q,01

(BR|(1+ Ray) oo — af| + (5 + R(1 + Gn)w) as — of |
+ [|a0 —og| + g — a’1|wD

=Kj5 |ag — ag| + Ko |y — | + K7 oy — o |w
where

K5 =(1+ BR) sup }u (min {Oéo—l-Oély y} ‘ sup ‘U min{ao+a1y’g})}

0,01 QaQ,o1

+ sup |u”(min {a, + alg,g})‘z (ﬁR(l + Ray) + 1),

@Q,01

K¢ = sup ‘u”(min {Oéo + aly,g})}2ﬂ,

o,

K7 =(1+4 BR) sup |v'(min {a, + o1y, y})| SUP | (min {ag + a1y, y})|

Qp,01
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+ sup ‘u”(min {ao + oqg,g})‘2 (R(l +ap) + 1).

@Q,01
Thus, I have the Lipschitz continuity of (ODE-DG), i.e. h(a, M).

Now, define v(o,w) = > (P2 — 7o) H (o, w). Let’s see that it is well defined. For that,
since || P} — 7o, < Kapjy, as was established before (see the proof of Dy-continuity and
differentiability), I have that [(Py — 7o) H (o, w)| < Ko [[H|| 4 pa¢(w). Thus,

ca | Hll4
1 —pa

D (P2 = 7o) H (o, w)| < ¢(w) < 00

Furthermore, I have that (I — 7,)v(a, w) = H(a, w) — h(a),

Ka HH||¢¢

[v(a, w)| <
1 —pa

(w) < Ks(1+ w)

and P,v(a,w) is Lipschitz continuous.
A5 If w < w, then wy < w for all t > 0, while if w > w, then w; < w, so that
EpoaI((a) € Q2 k < t) [win]*) <Ks(1+ w),
where Kg > max {1, w}.
A.6 This holds by assumption C.
A.7 Corollary A.7 ensures this. |

Finally, corollary 16 of Benveniste et al. (1990) ensures that:

Corollary A.9. «a; converges to a* a.s. ]

Proof of corollary 4.2. This results is a direct application of theorem 22 of Benveniste et al.
(1990, p.244). The previous proof showed that their conditions (1.10.2)-(1.10.4) are satisfied.
Additionally, (1.10.6) is satisfied by assumption. It is only necessary to show that their
condition (1.10.5) also holds. To see this, notice that the agent’s a*-expected squared regret

can be considered a function of three different set of consumption rule parameters. In
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particular rewrite it as

2
V(a,o,0) = /<6REtu’(cb(a',wt+1)) - u'(cb(a,wt))> 7o (dw),
which is a strictly convex function of o. This and our previous results imply that

V(e o o) =V(a,a,a) — (1 — RB)(a" — a)h(a) + (o — )V, + 1(oz* — ) Vaa(a* — )t

2
>Vi(a,a,a) — (1 — RB) (o — a)h(a) + %(a* —a)Vaula* — ) =
0>V o' a)-V(aa,a) > —(1—-Rp)(a" —a)h(a) + %(a* — ) Vaa(of — ) =
(1= RB)(a" — a)h(a) 2%(@* AVl — )T s
1
(v — a™)h(a) < — m(a* — )Vpo(a — )t
1 : %2
< - 20— RB) inf [[Vaa |l [[a = o]
< —6la—a*|?
for some 0 > 0. m
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