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ABSTRACT. In this paper, we derive the asymptotic properties of average derivative estimators
when the regressors are contaminated with classical measurement error and the density of this
error is unknown. Average derivatives of conditional mean functions are used extensively in
economics and statistics, most notably in semiparametric index models. As well as ordinary
smooth measurement error, we provide results for supersmooth error distributions. This is a
particularly important class of error distribution as it includes the popular Gaussian density.
We show that under this ill-posed inverse problem, despite using nonparametric deconvolution
techniques and an estimated error characteristic function, we are able to achieve a /n rate
of convergence for the average derivative estimator. Interestingly, if the measurement error
density is symmetric, the asymptotic variance of the average derivative estimator is the same

irrespective of whether the error density is estimated or not.

1. INTRODUCTION

Since the seminal paper of Powell, Stock and Stoker (1989), average derivatives have enjoyed
much popularity. They have found primary use in estimating coefficients in single index models,
where Powell, Stock and Stoker (1989) showed that these estimators identify the parameters of
interest up-to-scale. They have also been employed to great effect in the estimation of consumer
demand functions (see, for example, Blundell, Duncan and Pendakur, 1998, and Yatchew, 2003)
and sample selection models (for example, Das, Newey and Vella, 2003). Finally, several testing
procedures have also made use of these estimators (see, for example, Hérdle, Hildenbrand and
Jerison, 1991, and Racine, 1997).

A key benefit of average derivate estimators is their ability to achieve a /n rate of con-
vergence despite being constructed using nonparametric techniques. Powell, Stock and Stoker
(1989), among many others, demonstrated this parametric rate in the standard case of correctly
measured regressors. Fan (1995) extended this result to allow for regressors contaminated with
classical measurement error from the class of ordinary smooth distributions, for example, gamma
or Laplace. In that paper, it was shown that average derivative estimators, constructed using de-

convolution techniques, were able to retain the y/n rate of convergence enjoyed by their correctly
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measured counterparts. However, this result relied on knowledge of the true error distribution
and did not cover the case of supersmooth error densities, which includes Gaussian error.

Extending these results to supersmooth measurement error is not a trivial extension, and it
is not clear a priori whether this parametric rate can be achieved in this case. Indeed, in many
estimation and testing problems, convergence rates and asymptotic distributions are fundamen-
tally different between ordinary smooth and supersmooth error densities (see, for example, Fan,
1991, van Es and Uh, 2005, Dong and Otsu, 2018, and Otsu and Taylor, 2019).

Furthermore, no result has been provided regarding the asymptotic properties of average
derivative estimators in the more realistic situation where the measurement error density is
unknown. Much recent work in the errors-in-variables literature has been aimed at relaxing the
assumption of a known measurement error distribution, and deriving the asymptotic properties
of estimators and test statistics in this setting (see, for example, Delaigle, Hall and Meister, 2008,
Dattner, Reifs and Trabs, 2016, and Kato and Sasaki, 2018).

Measurement error is rife in datasets from all fields. It is a problem that affects economic,
medical, social, and physical data sets, to name just a few. In response to the slow convergence
rates achieved by nonparametric deconvolution techniques, practitioners may shy away from the
use of these estimators in the face of classical measurement error. By showing that we can still
obtain a parametric rate of convergence even in the worst case scenario of supersmooth error and
an estimated error characteristic function, we hope to encourage greater use of nonparametric
estimation in applied work when covariates are contaminated with error.

Moreover, since the curse of dimensionality (which plagues all nonparametric estimators) is
exacerbated in the presence of measurement error, the potential gain from using average deriva-
tives is increased when regressors are mismeasured. In particular, in the case of ordinary smooth
error densities, the convergence rate of deconvolution estimators, although slower than stan-
dard nonparametric estimators, remains polynomial. However, for supersmooth densities, this
convergence typically deteriorates to a log(n) rate.

In the next section, we describe the setup of our model, discuss the assumptions imposed, and

provide our main result. All mathematical proofs are relegated to the Appendix.



2. MAIN RESULT

2.1. Setup and estimator. Consider the nonparametric errors-in-variables model

= 9(X%)+u,  EluX']=0, (1)

X = X*+e¢,

where Y is a scalar dependent variable, X* is an unobservable error-free scalar covariate, X
is an observable covariate, u is a regression error term, and € is a measurement error on the
covariate. Suppose the density function f of X* and the regression function g are continuously

differentiable, we are interested in estimating the density weighted average derivative
0 = Elg'(X")f(X")] = 2E[Y f'(X7)], (2)

where ¢’ and f’ are the first-order derivatives of g and f, respectively. The second equality
follows from using integration by parts (see Lemma 2.1 of Powell, Stock and Stoker, 1989).

The key use of such density weighted average derivatives is in single-index models and partially
linear single-index models. Taking g(X) = g(X/3, X2) for some unknown link function g with
X = (X1, X3), we obtain the partially linear case; when Xy is removed, this becomes the single-
index model. Such specifications are very general and cover a wide variety of regression models.
For example, binary choice models, truncated and censored dependent variable models, and
duration models (see Ichimura, 1993, for a more detailed discussion). They can also be used as
a simple dimension reduction solution to the curse of dimensionality.

For identification purposes, it is necessary to make some normalization restriction on 3. This
is because any scaling factor can be subsumed into g. Hence, this parameter of interest is only
identified up to scale. Due to the linear index structure, the density weighted average derivative
identifies this scaled f.

If we directly observe X*, # can be estimated by the sample analog —% 2?21 Y f! (X7), where
f’ is a nonparametric estimator of the derivative f’. However, if X* is unobservable, this esti-
mator is infeasible. On the other hand, when the density function f. of the measurement error

€ is known (and ordinary smooth), Fan (1995) suggested estimating 6 by evaluating the joint

density h(z,y) of (X*,Y) and the derivative f’(x) in the expression

0=-2 [ [ ur@hie.dsdy, (3)



by applying the deconvolution method. Let i = /=1 and ff be the Fourier transform of a
function f. If fe is known, based on the i.i.d. sample {Y;, X;}7_; of (Y, X), the densities f and
h can be estimated by

Fo) = - SR (T )L e = o (T ) (1),
n et n n

n

where b, is a bandwidth, K, is a (ordinary) kernel function and K is a deconvolution kernel

function defined as

_ 1 —itx Kft(t)
K(z) = 27r/e Wdt.

By plugging these estimators into (3), Fan (1995) proposed an estimator of § and studied its
asymptotic properties (again, when f is known and ordinary smooth).

In this paper, we extend Fan’s (1995) result to the cases where (i) f. is unknown and sym-
metric around zero but repeated measurements on X* are available, and (ii) fc is known and
supersmooth. Since the second result is obtained as a by-product of the first one, we hereafter
focus on the first case. Suppose we have two independent noisy measurements of the error-free
variable X*, i.e.,

Xj=X;+¢ and X] =X+,

for j = 1,...,n. Under the assumption that f. is symmetric, its Fourier transform f& can be
estimated by (Delaigle, Hall and Meister, 2008)

1/2

;o1 D r— Xj - _ D T — X y—Y;
where

. fit
K(z) ! /e_‘tdet

T o

Then the parameter 6 can estimated by
0 = —2/yf’(fv)ﬁ(x, y)dady

2 e o= X\ o (x— X
(e~ 1= I

=1 k=1




where f’ and K’ are the first-order derivatives of f and K/, respectively, and the second equality
follows from [ yK,((y — Y%)/bn)dy = b,Yj. Here we have derived the estimator for the case of a
continuous Y. However, our estimator 0 in (5) can be applied to the case of a discrete Y as well.

Throughout this paper, we will focus on the case of a single covariate to keep the notation
simple. The proposed method, however, can easily adapt to the multivariate case. In particular,

when there are multiple covariates and one of them is mismeasured, i.e.,

Y = g(X",2)+u,

where Z = (Z1,...,Zp) is a vector of D correctly measured covariates, the parameters of interest
are
a 8 *
0, = 1|22 fxe2(X*,2)| = —op |y X 2(r:2) ,
ox (X*,Z) ox (X*,2)
Ofx+
o = B| 202 (xz)| = e |y P2 :
0zd |(x-z) 0724 |(x+z2)
ford=1,...,D, and can be written as

0, = —2//y(m($’z)h(:v,y,z)da:dydz,

a *
0y = —2// fX h(a:,y,z)dmdydz,

for the joint densities fx+ z and h of (X*,Z) and (X*,Y, Z), respectively.
Let K, : RP — R be a (ordinary) kernel function. If f. is known, fx+ 7 and h can be estimated

by

~ 1 - Tr — X]’ Z — Zj
Foales) = sz( ) (57
= - 1 - r—Xj z—Zj y—Y;
and 6, and 64 can be estimated by

A —Xj J)—Xk Z—Zj Z—Zk
0, = 2b2D+3ZZYk//K’< >K< , >K< P )K< P >d:1:dz,

7j=1 k=1

. LR r—X; x— Xy, 8Kz(bn> 2z — Iy
= Y, K L) K K, .
04 n2b2D+3 Z; k / / ( by, ) < by, ) 0z b, dudz




We expect that analogous results to our main theorem can be established for this estimator as

well.

2.2. Asymptotic properties. We now investigate the asymptotic properties of the average
derivative estimator 6 in (5). Let G = gf. For ordinary smooth measurement error densities, we

impose the following assumptions.

Assumption OS.

(1): {Y;, X;, X7}y is an i.d.d. sample of (Y, X, X") satisfying (1). g(-) = E[Y|X* =]
has p continuous, bounded, and integrable derivatives. The density function f(-) of X*
has (p 4+ 1) continuous, bounded, and integrable derivatives, where p is a positive integer
satisfying p > a + 1.

(2): (e,€") are mutually independent and independent of (Y, X™*), the distributions of €
and € are identical, absolutely continuous with respect to the Lebesgue measure, and the

characteristic function fEft is of the form

1
fs) v ————— forallt R,
€ ( ) 23:0 CU‘S|U
for some finite constants Cy, ..., Cq with Cy # 0 and a positive integer c.

(3): K is differentiable to order (o + 1) and satisfies

/K(x)datzl, /pr(ar)dxyéO, /le(a:)datzo, foralll=1,...,p—1.

Also K™ is compactly supported on [—1,1], symmetric around zero, and bounded.
(4): n—1/2p,, 2013e) log(b,1)~1/2 = 0, and n*/?b}, = 0 as n — co.
(5): Var(r(X,Y)) < oo, where

r(X,Y) = za:(—i)”Cv[G(”“)(X) —Y (X))

v=0
The i.i.d. restriction on the data from Assumption (1) is standard in the literature and is
imposed merely for ease of derivation rather than necessity. The second part of this assumption
requires sufficient smoothness from the regression function and density function of X relative to
the smoothness of the measurement error. Assumption (2) is the conventional ordinary smooth
assumption for the measurement error. Assumption (3) requires a kernel function of order p to
remove the bias term from the nonparametric estimator. The first part of Assumption (4) requires

that the bandwidth does not decay to zero too quickly as n — oo. This is necessary to ensure



the asymptotic linearity of the estimator and apply a Hoeffding projection. The particular rate
depends on the parameters of the measurement error characteristic function. The second part of
Assumption (4) ensures the bandwidth approaches zero sufficiently fast to remove the asymptotic
bias from the nonparametric estimator. Finally, Assumption (5) is a high-level assumption on
the boundedness of the asymptotic variance of the average derivative estimator.

For the supersmooth case, we impose the following assumptions.

Assumption SS.
(1): {Y;, X5, X7 Y]y is an id.d. sample of (Y, X, X") satisfying (1). g(-) = E[Y|X* =]
and the Lebesgue density f(-) of X* are infinitely differentiable.
(2): (e,€") are mutually independent and independent of (Y, X™), the distributions of €
and € are identical, absolutely continuous with respect to the Lebesque measure, and the

characteristic function f is of the form
feft(t) = Ce 1" forallt € R,

for some positive constants C' and u, and positive even integer ~y.

(3): K s infinitely differentiable and satisfies

/K(m)dm =1, /le(w)daz =0, for alll € N.

Also K™ is compactly supported on [—1,1], symmetric around zero, and bounded.
(4): b, — 0 and n~1/2b;2e810n " 1og(b1) 12 =5 0 as n — oo.
(5): Var(r(X,Y)) < oo, where
)

r(X,Y) =Y ihvlgh!{G(th)(X) —y frED x)),

Many of the same comments as for the ordinary smooth case apply to this setting. However,
the second part of Assumption (2) is more restrictive and appears to be necessary. As discussed
in Meister (2009), one can show that the class of infinitely differentiable functions still contains
a comprehensive nonparametric class of densities’ (pp. 44), including, of course, Gaussian and
mixtures of Gaussians. For the regression function, all polynomials satisfy this restriction, as
well as circular functions, exponentials, and products or sums of such smooth functions. As-
sumption (2) is the conventional supersmooth assumption for the measurement error, with the
non-standard additional constraint on + being even. Although this rules out the Cauchy dis-

tribution (where v = 1), importantly, this still contains the canonical Gaussian distribution as



well as Gaussian mixtures. van Es and Gugushvili (2008) imposed a similar constraint, although
they restrict themselves further to v = 2. Assumption (3) requires an infinite-order kernel func-
tion; these are often required in supersmooth deconvolution problems. Meister (2009) discussed

Sin(;) , satisfies the

their construction and noted that the commonly used sinc kernel, K(x) =
requirements. Assumption (4) requires the bandwidth to decay to zero at a logarithmic rate. In
particular, because we are using an infinite-order kernel, we can ignore concerns of the bias from
the nonparametric estimator and choose a bandwidth of at least b, = O ((13,u)1/7 log(n)_1/7>
to satisfy this assumption.

Based on these assumptions, our main result is as follows.

Theorem. Suppose Assumption OS or SS holds true. Then

Vn(f—0) % N(0,4Var(r(X,Y))).

The most important aspect of this result is the y/n convergence of the estimator. Before this
result, Powell, Stock and Stoker (1989) showed the same rate of convergence in the case of cor-
rectly measured regressors, and Fan (1995) confirmed this result for ordinary smooth error in the
regressors when the error distribution is known. The above theorem shows that the convergence
rate of these average derivative estimators does not change when measurement error is intro-
duced. In particular, it does not change in the severely ill-posed case of supersmooth error, nor
does it change when the measurement error distribution is estimated. Interestingly, as outlined
in the Appendix, the asymptotic variance depends on the symmetry of the measurement error
density. When the measurement error is symmetric around zero, remainder terms associated
with the estimation error of the measurement error characteristic function vanish, and the as-
ymptotic variance is the same as if the measurement error distribution is known; however, this
is not the case for asymmetric distributions.

In pointwise estimation and testing problems, y/n convergence is typically not attained. For
example, Holzman and Boysen (2006) showed that the integrated squared error of deconvolu-
tion estimators has a fundamentally different asymptotic distribution in the face of supersmooth
measurement error in comparison to the case of ordinary smooth error. While Fan (1991) showed
that deconvolution estimators under supersmooth contamination attain a log(n) rate of conver-
gence whereas ordinary smooth measurement error results in a polynomial rate of convergence
in n. In this paper, we show that this discontinuity in the properties of deconvolution estimators

facing supersmooth or ordinary smooth error does not continue to hold for averaged estimators.



As a by-product of the proof, we also establish the asymptotic distribution of Fan’s (1995)

estimator for @ when the distribution of € is known and supersmooth.
Corollary. Suppose Assumption SS holds true without the repeated measurement X". Then the
estimator 0 defined by replacing K in (5) with K satisfies

Yl —0) % N(0,4Var(r(X,Y))).



APPENDIX A. PROOF OF THEOREM (SUPERSMOOTH CASE)

Since the arguments are similar, we first present a proof for the supersmooth case. In Section
C, we provide a proof for the ordinary smooth case by explaining in detail the parts of the proof
that differ to the supersmooth setting.

Let £(t) = + Y1, &(t) for &(t) = cos((X; — X)), and &(t) = |f(t)]2. Note that f(t) =
1£(8)[Y/2 and f.(t) = |€(t)]"/2. By expansions around &(t/b,) = &(t/by,), we obtain

K(z) = K(z)+ Ai(z) + Ri(x),

K'(z) = K'(z)+ Az(x)+ Ra(x),

where
_ 1 —itx t g(t/bn) - g(t/bn)
Ai(x) = I e itz gt (t) { ROTAIEE }dt,
[ ity ety | E/ba) = E(t/b0)
As(z) = ar | € tK' (t) { 1€ (t/by)[3/2 }dt;

1 T 1 t/b ft/b )
R = =g [ RO ) { }dt
1 itz 7t 1 1€t /bn) |1 — |€(t/bn)|1/?
27T/e K (t) { E(t/bn)| /2 - £(t/by) ’1/2} { |£ t/bp)|1/2 }dta
N S L (t/b0) — £(¢/bn)
Ry(z) = 47T/ tK (t){lé(t/bnﬂm € (t/bn)\1/2}{ 1€(t/by,)] }dt

L 1 B 1 E(t/bn) V2 — |€(t/by)|/2
+27[' e tK (t) {|g(t/bn)|1/2 |§(t/bn)|1/2} { |§(t/bn)|1/2 }dt,

for some £(t/by) € (€(t/bn), &(t/by)). Thus, we can decompose

(=X (12— X
- S [ ()R (S armse e n @

n

7=1 k=1
where

2 o =X x— X

S = 7ﬂ%§:§:m/ﬁg( - )K( P )M
Jj=1k=1

2 = r—X z— X
Y, | K 7)1 A d
g o [ () 4 (5 )

10



2 T — X x — Xg
Tg = _n2b3 ZZYk/RQ ( bn >K< bn > dﬂ?,
nj=1k=1
2 " & ZE—XJ' x—Xk
T - _szyk//xg( : )Al( . >dx,
noj=1k=1 " "
2 = x—X; r—X
Ty = 2322Yk/R2< b ]>A1< b k>dx’
" j=1k=1 " "
2 " & ac—Xj .T—Xk
T5 = n2b3 ZZYk/A2 ( b > R1 ( b ) d.’l?,
noj=1k=1 " m
2 " {L'—Xj $—Xk
T = _szyk/32< " )R1< . )dx.
" j=1k=1 " "
First, we show that 17, ..., T are asymptotically negligible, i.e.,
T,...,Tg = Op(nil/z). (7)

For Ty, we decompose 15 = T5 1 + T5 2, where

(5 ) B (1) {IE () Y2 — (€t ba)|1/2) X
Toy = Y, " " dtK [ Z=2F ) da,
2m2b321k21 /] { IS8 5a) [ HE ) — €8/} ] 5)

() ek ()0 ) 112 — et 0) /2 P X
Too = n2b3ZZYk//! K( ™ k>dm.

1 k=1 X [E(E/ba) |7V {IEE/0a) 12 — [€(8/ba) [/}

For T 1, we have

) R () K (1) (e ) |2 — €t/ |2}
27m3/2b2 ZZYk/{ 3 }dt

In

1 k=1 X |E(t/bn)| 732 {E(t/by) — E(t/bn)}
- 0p< Va2 sup (€012~ 62 e V2 (Ew) }])

It|<bn!

= 0, <n1/2b;2e4ubﬁ Qi) = 0,(1),

where the first equality follows from a change of variables, the second equality follows from
(X=X},
elt( =)l = 1 150 1Yk = Op(1), and [ [tK(¢)K™(—t)| < co (by Assumption SS (3)),

the third equality follows from the definition of £(t), Assumption SS (2), and Lemma 1, and

11



the last equality follows from Assumption SS (4). A similar argument yields Th o = op(n_l/ 3,
and thus Ty = o,(n~'/2). Also, using similar arguments as for Ty, gives T1 = o,(n~'/?) and
T3 = 0,(n~1/?).

For Ty, we decompose Ty = Ty 1 + Ty 2, where

T ) et () (1€t ) 12 — 1/
o | ( >th(t){|g(t/bn)\ V2 —g(t/bn)| 712} ”

T = g ZkZYk / XJE(t/a) |t {E(t/0n) — €(t/00) } dz,
: [ OB ) K ()t 5,0 928 ) — &(t/b) el

oo | L O ougemre ey
T - ZZY —1/251¢ 1/2 _ 1/2
= PN (o) | o) V2 — €t /o) 12}

N N B I e G O RS
For T} 1, we have
W1l = 0, <n1/2bn2|sup {ré<t>|1/2—rf<t>|1/2}r§<t>\5/2{é<t>—s<t>}2])
tj<bn’

= 0, (n1/2b5265ubmgi) = 0,(1),

(X=X
en:(iﬂbn ) =1, %22:1 Y,| =

Op(1), and [ [tK™(¢)K®(—t)|dt < oo (by Assumption SS (3)), the second equality follows from

where the first equality follows from a change of variables,

the definition of §(t), Assumption SS (2), and Lemma 1, and the last equality follows from
Assumption SS (4). A similar argument yields Ty 2 = 0,(n~/?), and thus Ty = o0,(n~/2). Also,

similar arguments as used for Ty imply T5 = op(nfl/ 2),

12

dz.



For Ty, we decompose Ts = T¢,1 + 162 + 16,3 + 16,4, where

| f{ et et 1ge /)2 — 16t /0) 1/2}} _
=« X [E(t/bn)| " HE(t/bn) — £(t/bn)
T = Y; X, ) dx
Y e “2”3]21; al y {eit(WK“( DAE /)72 — [E(t/bn) 1/2}}
I X IE(t/bn) | THE®/bn) — £(t/n)} |
| f{ ) R () {1€(t/bn) |12 — [€(t/ba) |71/} }
i e lf(t/b )Y€ /bn) M2 = 168 /ba) [V}
Teo = ——— Y; dx
6,2 47T2n2b3 ;; k/ Xf{ e 1t< o >Kft( ){’é(t/bn)|—1/2 ‘g t/b ‘ 1/2} }
_ 60 /5a) | 7HE/ba) — £(t/60)) _
| f{ e_it<%)tht<t){|€~(t/bn)|*1/2 1&( t/b )71} }
i L X [E(t/bn)| T HE(t/bn) — £(t/bn)
T = Y; X, dx
T e 22 l x { T R 1) € ) | — et 0) ) }
I X € (t /) [T 2{IE (/b)) |M? — (€ (8 /) [/2}
| J { T ert 1€ /o) 2 — 6t /5) )
o !f(t/b )Y€ /ba) M2 = 168 /ba) [V}
T = Y; dx
6,4 2772n2b ;; ’f/ ) { eflt( b >Kft( ){|é(t/bn)|_l/2 |§ t/b ‘ 1/2} }
X IE(E/bn) | TV2 L€ bn) M2 = [€(2/bn) [V}
Since T2 and Tg 3 are cross-product terms, it is enough to focus on Tg 1 and T 4. For Ts 1, we
have
n'2Ts1] = O, <”1/25n2|8u£1 ~(75)|1/2—\5(75)|1/2}2\5(75)!2{€A(1t)—§(lt)}2‘>

= 0, (nl/Qb;ZeGMbﬁgi) = 0,(1),

X.—X
. . it( =L~k
where the first equality follows from a change of variables, |e < bn ) =1, %Zzzl Y| =

Op(1), and [ [tK™(t)K®(—t)|dt < oo (by Assumption SS (3)), the second equality follows from

the definition of §(t), Assumption SS (2), and Lemma 1, and the last equality follows from
Assumption SS (4). A similar argument yields T5 4 = op(n_l/z), and thus Ty = op(n_l/Q).
Combining these results, we obtain (7).

We now consider the term S in (6). Let d; = (Y}, X;,¢;) and

po(dj,di,di) = qn(dj,di, di) + qn(dj, dy, di) + qn(di, dj, di) + qn(di, di, dj) + qn(dy, dj, di) + gn(dy, di, dj),

13



where

[K (Z“Xﬂ‘) YK (I—bfk) dz

.
il )YK<’” Xk)dx}{&“/fg;i/‘bfgf,;%/”"”}th%)dt

— LK (ﬁi) Yke—it(‘”bn )daj} {éz(t/bn)—E[éz(t/bn)]}Kft(t)dt

Qn(d];dkvdl) = _i

S

|€(/bn)[3/2

We then decompose S =n"2(n —1)(n —2)U + S + Sy + S5 + Sy, where

U = <§)—1zn: En: i:pn(dj,dk,dz),

j=1 k=j+1I=k+1

n

6 n
S = 732 Z qn djadjadk "‘Qn(dkadk’d)]? 32 Z n dj’dk’ +qn(dk’dj’dk)]
1 ket =1 k=j+1
6 n n 6 n
Sy — ;Z Z Gu(dy didi) + qu(didyy )], S1= 5> ul(dydydy).
j=1 k=j j=1
We show that
Sl, ey S4 = Op(nil/Q)v (8)

in the following way. For S, decompose

|n1/251‘

‘ZJ 12k =i+l JK (x - )YkK (r X’“) dﬂ?‘

= 0% | + | S S (5 >YK<w X’“)Clw} { Gl By b”)]}tht(t)dt‘
=X

S S s K (5522 vie™ () }{El(t/fzzl/bfﬁé%/bn)]}Kft(t)dt'

5171 + 51,2 + 51,3.

To bound S 1, we write

; sHjafon M) KU(s) K1)
s = 00r |5 3 i f grenesssiae [ [l 5 0 e

J=1k=j5+1

= 0, (w2 o)

. th-‘,-sz
. : i —5— 1
where the second equality follows from a change of variables, |e ( bn ) =1, > IVl =

Op(1), and Assumption SS (3), and the last equality follows from Assumption SS (4). For S o,

a similar argument as used for T3 can be used to show

S12=0, <n*1/2b;264"b’77gn> = op(1).

14



Furthermore, the same arguments can be used to show So, S3,54 = op(n_l/Q).

We now analyze the main term U. Let r,,(d;) = E[pp(d;, dy, dp)|d;] and U = 042 =2 imitra(dy)—
Elrn(d;)]}. By Ahn and Powell (1993, Lemma A.3), if

Elpn(d;, dy, d)*] = o(n), (9)
then it holds
U=6+ 23 (raldy) — Elra(d)]} + opn 7). (10)
j=1

For (9), note that

E[pn(djadk7dl)2]

(fr (5520 e (5.2 e}

g (i {0 e (52} {0 B ) |
e (i {5 () e O {0t )

HET
Py + P + Ps.

IN

3b6

For Pl,

e [ e () v

Xf(Sk) 8] fU tk fv )dskdsjdtkdt

= s [ [ [ O mv e = sisnsoisds;

wywa K (we) 2| K™ (ws) |2

| & (wi /bn) 2| FE (w2 /b))
= O (brtet ),

dw1 d’LUQ

where the first equality follows by the change of variables z = %;tj, the second equality follows
by Lemma 2, and the penultimate equality follows from Assumption SS (2). Thus Assumption
SS (4) guarantees P; = o(n).

For P, Lemma 2 implies

i fo (4
/{M/te1tszt]§t/(b))3{€l(t/b ) [fl(t/bn)]}dt} K(Z—C)dz

i weiiwC’K&(w)P

E |fft(w/bn)\4 {gl(w/bn) - E[gl(w/bn)]}dw-
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Then we can write

v { [ [ s tate/o) — Blatmar i (52 dxﬂ
() e R
Sl E H“//{ xfft(t/bt> =8 (t/bn) — Bl /b)) }dtK< 2 k>dx}]

XE[Y2|X* = si|f )f(sj)fv(uk)fv(u])dskds]dukduj

S / ) (5 By = o) sy duds, |

wiwa| K™ (wy) P K™ (wp) |

|
X ‘feft(wl/bn)|6‘f6ft(w2/bn)|6E[{El(wl/bn) - E[gl(wl/bn)]}{gl(wQ/bn) - E[&(w2/bn)]}]dw1dw2

= 0 <b;4612“b’_ﬂ log(bgl)_1> =o(n),

1
P, = —E
2 368

where the third equality follows from a similar argument as for P; combined with Kato and
Sasaki (2018, Lemma 4) to bound {&(w1/b,) — E[§(w1/by)}, and the last equality follows from

Assumption SS (4). The order of P3 can be shown in an almost identical manner, and we obtain

(9)-
Combining (6), (7), (8), (10), and a direct calculation to characterize r,(d;) = E[pn(d;, di, d;)|d;],

it follows

vl — ) IZ{M Elrn(dj)]} + 0p(1),

- Z{m B} - 5- mz [ A { SR B i 0,1, (1)

where

wo= ()l ()] e [ (50
Alt) = //itE [e_it(w;f):| E [YK (x _anH .y [K’ <"” ;f)] E {ye‘“(?f)] dz.
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For the first term in (11), note that

% = b12/K(Z){ql(Xj—i-an)_YjQQ(Xj'i‘bnz)}dZ
) +oo zbz //K w — 2) dwdz{ GV (X;) - Vi FHY (X))
+oo
— Z bl /K zdz{Gl+1( i) — Yfl+1( X;5)}
1=0

o)

uh
= Zm{ G (X;) — v f (X))
h=

where the first equality follows by ¢1(z) = E [YK’ (x X )] and ¢2(z) = FE [K’ (‘” X*>] and

the change of variable z = x;XJ,

Lemma 4, the third equality
follows from Assumption SS (3), and the last equality follows by Lemma 5.

Let Z;(t) = gj(t/b’&)(tﬁ[%l(t/b”)] For the second term in (11), we have

&5(t/b.) — BIE (/b1 o
/ A{ €@/b) P2 }K (£)dt

= i [ertwm{ [ [ (U5 ot 250K 0
- fetama{ [ et (55 ettt 2 0K" 0ar
G
(

- i/tfft(t/bn) {//eim/b"K (”3 bf) (z*)dzdz* } SR ()t
i / G (t/by) { / / emitx/bn f¢ <$ ;nx* f af*)dafdx*} =, (6) K (t)dt

= by / tK (1) £t /b)) K (1) G (—t /b,) 5 (1) dt

_ib, / LR (=) f (=t /) K (1) G (1 /), (8

= 0,

where the first equality follows from the definition of A(t), the second equality follows by inte-
gration by parts, that is [ e i#/b K’ (%) dr = it [ e t*/bn | (%) dzx, the third equality
follows from a change of variables, and the last equality follows from symmetry of £;(t) and £(t)
(which implies symmetry of =;(t)).

Therefore, the conclusion follows by the central limit theorem.
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APPENDIX B. LEMMAS

Lemma 1. [Kato and Sasaki, 2018, Lemma 4] Under Assumption SS,

sup |fE(8) = f(0)] = Oplen),

[¢]<br !

where 0, = n~1/2log(b; 1)/

Lemma 2. Under Assumption SS (1) and (3), it holds

i wefiwc|Kft(w>‘2
K'(z Ydz = — d
/ Kt ode=or | T ftwoar ™

for any constant c.

Proof. Observe that
. . Kft(wl) 1 _ efiwchft(wz)

K'(2)K(z — ¢)dz = 1/ vz g / siwazf 2 02 gy ) d

/ e / (2 T wi /b) “’1) <27r C TR b )T

() S

B i we 1wc|Kft( )|
= 5 | e

where the last equality follows by [&(w — b)f(w)dw = f(b) with Dirac delta function 6(w) =

% f e Ty, O

Lemma 3. Under Assumption SS (1)-(3), it holds
|/K’ 2)dz| = O(ebn ).
Proof. By Lemma 2, we have

|/K’ .

where the second equality follows from compactness of support of K (Assumption SS (3)). The

LI P B PRI B
it =0 <|w|<fl'f(>‘> |

conclusion follows by Assumption SS (2). O
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Lemma 4. Under Assumption SS (1) and (3), it holds

+oo 1+2 l+1
E[YkK’<z XX’“)’X} Z( DI G /K )dw
=0

* +oo
E[K’<z+XX>‘X} Z( )lbl+2f(l+1) /K d

=0

Proof. Since G = gf is infinitely differentiable (Assumption SS (1)), we have
X, — X} X; -
E [YkK’ (z—i— w)'XJ} = /G(S)K’ (z—i— Jb S) ds
= —by, /G w— 2))K'(w )dw—b2/K )G (X — bp(w — 2))dw

L2 G+
_ Z 1)"ot; G /K dw
1=0

7

where the second equality follows by the change of variable

follows by integration by parts, the fourth equality follows by an expansion of G'(X; — b, (w — z))
around X;. The second statement can be proved by similar arguments. [l

Lemma 5. Under Assumptions SS (1)-(3), it holds

Mp/ 7p!

K Zpdz— BPirC(p/)! forp="hy with h=0,1,...,

0 for other positive integers.

Proof. First, note that

+oo h
1 _ o 1 _
K itz jpul|t/bn|” K—ft tNdt / itz)y hy K—ft tdt
(Z) 27_[_0/6 e (‘ ’) —~ Ch‘bgﬂy o e | | (‘ ‘)

— 1" 1 i h)yf
= > Gt (o [ e W>>t<|t|>dt}
h=0 "

400 h
_ H i —itz (h'y ft (h’y)
N hzo Ch!(—ia, )" {277 / (K Z Ch' —iay, ’W (2);

where the first equality follows by Assumption SS (2) and K™(t) = K™ (—t), the second equality
follows by e* = >°9 1;”, the third equality follows by (K)(t) = (—it)'K™(t) (see, e.g.,
Lemma A.6 of Meister, 2009), the fourth equality follows by (K ") (—t) = (K("))f(t), which
is from K™(t) = K%(—t), (KW)®(t) = (—it)' K™ (¢), and the assumption that + is even. Thus,

we have

+oo h
— s (hy)
K P — p g (hy
/ (2)2Pdz hE:o Ch{ b,y /z (2)dz,
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and the conclusion follows by Assumption SS (3) and using the integration by parts. U

APPENDIX C. PROOF OF THEOREM (ORDINARY SMOOTH CASE)

The steps in this proof are the same as that for the supersmooth case, as such, we only explain
parts of the proof that differ. Furthermore, in the proof of the supersmooth case we endevour to
obtain expressions in terms of f& wherever possible. This allows us to skip to this final step in
each asymptotic argument, and requires us only to input the relevant form for feft. This proof
also leverages much of the work from Fan (1995) but extends this by allowing for an estimated
measurement error density.

As in the proof of the supersmooth case, we have

n n

i 5 (T =X\ o (T X

n n

where S, T71,...,Ts are defined in Section A. We were able to show that

2 —1
n'’Ty) = O n“%f( sup Ifit(t)—fft(t)\> (inf |f§t<t>|4>

—1
|t]<bpt [t]|<bs

Then we have Ty = 0,(n~/?) by Lemma 1 and Assumption OS (2). The rest of T}, T3, ... T are
shown to be of order o,(n~'/2) in a similar way.

Again, decompose S = n"2(n — 1)(n — 2)U + S1 + --- + Sy, where all objects are defined in
the proof of the supersmooth case. We can show the asymptotic negligibility of Sy,...,S54 as

follows. We again decompose \n1/231| = 51,1 + 51,2 + 51,3 To bound Sy 1, we write

|t <br !

-2
Si1 = 0, n—l/%;?( inf yfjt(t)|> = 0,(1).

where the second equality follows from Assumption OS (2) and (4). Recall from the proof of the

supersmooth case
-1
Si2 = Op [n720,% | sup [fF(t) = fR@)]) | inf |£F()* = op(1).
] <by* [t1<bn

The asymptotic negligibility of Sy 3 can be shown in an almost identical way. The same arguments
can also be used to show Sy, 53,54 = op(n_l/Q).
As in the supersmooth case, we also need to show E[p,(d;,dy,d;)?] = o(n) in order to write

U=20+ %Z?Zl{rn(dj) — E[rn(dj)]} + 0p(1). We begin by decomposing E[py(dj, dk, d;)?] =

20



P, + P> + P3, where these objects are defined in the supersmooth proof. For P,

-2
P =0 bn4< inf \feft(w)P) =o(n),

lw|<by *

by Assumption OS (2) and (4). For P, we can write

-2
P, = 0 bﬁ( in Ifft(w)|6> log(b,) " | = o(n),

|w|<by, *

by Assumption OS (2) and (4). The order of P3 can be shown in an almost identical manner.

Then, it follows
3 n

Vi —0) = —= > {ra(d;) — Elrn(d;)]} + 0p(1),
\/ﬁ; J J p

and the remainder of the proof for the supersmooth case applies as it does not depend on the

form of feft
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